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Abstract. In this paper, we consider the set-valued equilibrium problems and study the existence of
weak efficient solutions in Hausdorff topological vector space. By using generalized convexity for set-
valued maps, we study existence results for weak efficient solutions to set-valued equilibrium problems
with or without nonlinear scalarization techniques. We introduce the notion of the negative transitivity
property for set-valued maps. By using the nonlinear scalarization techniques, we establish the existence
of the solutions in set-valued equilibrium problems when the involved set-valued maps have a negative
transitivity property. As an application, we apply our results to non-cooperative game theory.
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1. Introduction

The study of equilibrium problems with set-valued maps is referred to as set-valued equilibrium
problems. These problems often arise in the area of uncertain optimization, optimal control, differential
equations, image processing, mathematical economics and finance and many more. For detail overview,
we refer [4, 5].

Nonlinear scalarization technique is one of the most effective approaches to deal with the existence
of solutions in set-valued equilibrium problems. In particular, Gerstewitz’s function [23] and it’s ex-
tensions are very useful to study set-valued equilibrium problems. Recently, Gutiérrez et al. [22] used
Gerstewitz’s nonlinear scalarization functions to derive the existence of weak efficient solutions of
vector-valued equilibrium problems. However, existence of solutions in set-valued equilibrium prob-
lems can be derived without using nonlinear scalarization techniques. Several results in this direction
can be found in [16, 17, 19] and the references therein. Balaj [12] investigated existance results for equi-
llibrium problems with scalar and vector-valued maps by introducing negative transitivity property. In
the recent past, several existence results has been studied and investigated with their applications to
Browder variational inclusions, traffic network equilibrium problems, variational inequalities etc., see
[2, 3, 4, 5, 7, 10, 14, 16, 17, 19, 20, 26, 27, 28, 30] and the references therein.

Motivated by [12], we introduce the notion of the negative transitivity property for set-valued maps.
By using nonlinear scalarization techniques, we establish the existence of solutions in set-valued equi-
librium problems when the involved set-valued maps have a negative transitivity property in Hausdorff
topological vector spaces. We also study existence results for weakly efficient solutions for set-valued
equilibrium problems without using nonlinear scalarization techniques or noncompactness assump-
tions. The equilibrium problems studied in this paper implicitly use upper set order relations (see [9, 25])
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to compare the values of objective functions. This approach is closely connected to set optimization
because the objective map considered here is set-valued and involves upper set order relations. Finally,
we give an application to non-cooperative game theory.

The rest of the paper is organized as follows:. In Section 2, we recall the notion of upper set order
relations in topological vector space. Furthermore, we recall the concept of set-valued equilibrium
problems involving upper set order relations. In Section 3, we recall the nonlinear scalarization function
for set-valued maps and discuss the existence of weak efficient solutions by using generalized convexity
of set-valued maps without scalarization techniques and noncompactness assumptions. In Section 4, we
derive the existence of weak efficient solutions using the negative transitivity property for set-valued
maps and nonlinear scalarization techniques. In Section 5, we give an application to non-cooperative
game theory. The last section concludes the paper.

2. Preliminaries

Throughout the paper, unless otherwise specified, we assume thatX is a Hausdorff topological vector
space and Y is a topological vector space whose zero vector is denoted by 0. We denote by P(Y ) :=
{A ⊆ Y : A ̸= ∅} the family of all nonempty subsets of Y . For a set A in a topological vector space,
we denote by intA and clA, the interior and the closure of A, respectively.

For nonempty subsets A and B of Y , the sum of A and B is defined by

A+B := {a+ b : a ∈ A, b ∈ B}.

Moreover, for λ ∈ R, λA := {λa : a ∈ A}.
Let K be a proper convex cone in Y with intK ̸= ∅. For all A,B ∈ P(Y ), the upper set order

relations with respect to the cones K , K \ {0} and intK are defined as follows:

A ⪯u
K B ⇔ A ⊆ B −K; A ⪯̸u

K B ⇔ A ⊈ B −K;

A ⪯u
K\{0} B ⇔ A ⊆ B −K \ {0}; A ⪯̸u

K\{0} B ⇔ A ⊈ B −K \ {0};
A ≺u

K B ⇔ A ⊆ B − intK; A ⊀u
K B ⇔ A ⊈ B − intK.

The above set order relations are introduced by Kuroiwa [25] and further studied and investigated in
[9, 24] and the references therein.

Let F : X × X ⇒ Y be a set-valued map with nonempty values. We consider the following set-
valued equilibrium problems [7] involving set order relations:

The set-valued equilibrium problem (in short, SVEP): Find x̄ ∈ X such that

F (x̄, y) ⪯̸u
K\{0} {0}, for all y ∈ X. (2.1)

The weak set-valued equilibrium problem (in short, WSVEP): Find x̄ ∈ X such that

F (x̄, y) ⊀u
K {0}, for all y ∈ X. (2.2)

The set of solutions of SVEP (2.1) and WSVEP (2.2) are denoted by Eff(F,K) and WEff(F,K), re-
spectively. Clearly, Eff(F,K) ⊆ WEff(F,K). If F is a scalar-valued function, then the problem (2.2)
reduces to the scalar-valued equillibrium problem, and the set of solutions of such a problem is denoted
by S(f,X).

We now recall different kinds of generalized convex and generalized quasi-convex set-valued maps
involving set order relation ⪯u

K .

Definition 2.1. [32] Let A be a nonempty convex subset of X . A set-valued map F : A ⇒ Y is said
to be

(a) [15] u-type K-convex on A if for all x1, x2 ∈ A and all λ ∈ [0, 1], we have

F (λx1 + (1− λ)x2) ⪯u
K λF (x1) + (1− λ)F (x2);
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(b) [29, Definition 3.1 (d)] u-type K-quasi-convex on A if for all x1, x2 ∈ A and all λ ∈ [0, 1], we
have either

F (λx1 + (1− λ)x2) ⪯u
K F (x1) or F (λx1 + (1− λ)x2) ⪯u

K F (x2);

(c) u-type K-quasi-concave on A if for all x1, x2 ∈ A and all λ ∈ [0, 1], we have either
F (x1) ⪯u

K F (λx1 + (1− λ)x2) or F (x2) ⪯u
K F (λx1 + (1− λ)x2);

(d) u-type naturally K-quasi-convex on A if for all x1, x2 ∈ A and all λ ∈ [0, 1], there exists
µ ∈ [0, 1] such that

F (λx1 + (1− λ)x2) ⪯u
K µF (x1) + (1− µ)F (x2);

(e) u-type naturally K-quasi-concave on A if for all x1, x2 ∈ A and all λ ∈ [0, 1], there exists
µ ∈ [0, 1] such that

µF (x1) + (1− µ)F (x2) ⪯u
K F (λx1 + (1− λ)x2).

We observe that
u-type K-convexity ⇒ u-type K-quasi-convexity ⇒ u-type naturally K-quasi-convexity,

but the converse of the above implications may not hold, see [32].
We now recall the notion of K-upper semi-continuity for set-valued maps, which will be used in the

sequel.

Definition 2.2. [11, pp. 108] A set-valued map F : X ⇒ Y is said to be K-upper semi-continuous at
x̄ ∈ X if for any neighbourhood V of F (x̄), there exists a neighbourhood U of x̄ such that F (x) ⊆
V +K for all x ∈ U .

We say that F is K-upper semi-continuous on X if it is K-upper semi-continuous at each point
x ∈ X . When K = {0}, the notion of K-upper semi-continuity of F reduces to the usual notion of
upper semi-continuity of F .

Definition 2.3. [31] Let A be a nonempty subset of Y . A is said to be K-bounded if for each neigh-
borhood U of 0, there is some positive number α such that A ⊆ αU +K .

From now onwards, we always assume that intK ̸= ∅. Let q ∈ intK . We recall the Gerstewitz
separation functional [23] φ : Y → R ∪ {+∞} defined by

φ(y) := inf {t ∈ R : y ⪯K {tq}} , for all y ∈ Y. (2.3)
Recall the generalized Gerstewitz separation functional [6] huinf : P(Y ) → R ∪ {+∞} defined by

huinf(A) := inf {t ∈ R : A ⪯u
K {tq}} , for all A ∈ P(Y ). (2.4)

We next mention only those properties of the function huinf , which will be used in the sequel.

Lemma 2.4. [6, Corollary 3.5] The functional huinf satisfies the following properties:
(a) huinf > −∞.
(b) huinf(A) ≤ t if and only if A ⊆ tq −K .
(c) huinf(A) < t if and only if A ⊂ tq − intK .
(d) If A is (−K)-bounded, then huinf achieves a real value.

Definition 2.5. [21] Let X be a Hausdorff topological vector space and A be a nonempty subset of X .
A set-valued map F : A ⇒ X is said to be a KKM map if

conv{x1, x2, . . . , xn} ⊆
n⋃

k=1

F (xk),

for each finite subset {x1, x2, . . . , xn} ⊆ A, where conv denotes the convex hull.
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Lemma 2.6. [21, Lemma 1] Let X be a Hausdorff topological vector space, A be a nonempty subset of X
and F : A ⇒ X be a KKM map. If F has closed values and F (x) is compact for at least one x ∈ A, then⋂

x∈A F (x) ̸= ∅.

Definition 2.7. [12] A bifunction f : X ×X → R is said to satisfy negative transitivity property if

f(x, y) ≤ 0, f(y, z) < 0 ⇒ f(x, z) < 0, for all x, y, z ∈ X.

Definition 2.8. [13, Definition 1.1] Let A be a nonempty convex subset of a topological vector space
X . A bifunction f : A×A → R is said to be properly quasimonotone if for any nonempty finite subset
D of A and all y ∈ conv(D), minx∈Df(x, y) ≤ 0.

Theorem 2.9. [12, Theorem 2.4] Let A be a nonempty compact and convex subset of a Hausdorff topo-
logical vector space X and f : A×A → R be a real-valued bifunction. Assume that

(a) f is properly quasimonotone;
(b) the set {x ∈ A : f(x, y) ≥ 0} is nonempty, closed and convex for each y ∈ A;
(c) f has the property of negative transitivity.

Then, S(f,X) ̸= ∅.

3. Existence of Weak Efficient Solutions without Negative Transitivity Property

In this section, we establish the existence of weak efficient solutions of the set-valued equilibrium
problems without using the technique of nonlinear scalarization function and the negative transitivity
property.

For y ∈ A, we define level set of the set-valued map F by

L{0}F (·, y) = {x ∈ A : F (x, y) ⊀u
K {0}}.

Theorem 3.1. Let A be a nonempty convex and compact subset of a Hausdorff topological vector space X
and F : A×A ⇒ Y be a set-valued map. Assume that

(i) F (x, x) ⊀u
K {0};

(ii) L{0}F (·, y) is closed on A for each y ∈ A;
(iii) F (x, ·) is u-type naturally K-quasi-convex on A for each x ∈ A.

Then, WEff(F,K) ̸= ∅.

Proof. Define a set-valued map Γ : A ⇒ A by

Γ(y) := {x ∈ A : F (x, y) ⊀u
K {0} for all y ∈ A}.

Obviously, x̄ ∈ X is a solution of WSVEP (2.2) if and only if x̄ ∈
⋂

y∈A Γ(y). From assumption (i), we
have F (y, y) ⊀u

K {0}, and hence, y ∈ Γ(y). Therefore, Γ(y) is a nonempty set.
Next, we show that Γ(y) is closed. In fact, let {zn} be any sequence in Γ(y) such that zn → z ∈ X .

From the closedness of A, we have z ∈ A. Since zn ∈ Γ(y), we have F (zn, y) ⊀u
K {0} for all n ∈ N.

By the closedness of the set L{0}F (·, y), we have F (z, y) ⊀u
K {0}, and hence, z ∈ Γ(y). Therefore,

Γ(y) is closed. Since Γ(y) is closed in a compact set A, it follows that Γ(y) is compact.
We now prove that Γ is a KKM map. Assume to the contrary that there exist y1, y2, . . . , yn ∈ A and

some y0 ∈ conv{y1, y2, . . . , yn} such that y0 /∈ Γ(yk) for all k = 1, 2, . . . , n. As A is a convex set, we
have y0 ∈ A, and hence, from y0 /∈ Γ(yk), we have F (y0, yk) ≺u

K {0}. As y0 ∈ conv{y1, y2, . . . , yn},
there exist real numbers λ1, λ2, . . . , λn ≥ 0 with

∑n
k=1 λk = 1 such that y0 =

∑n
k=1 λkyk. It follows

from u-type naturally K-quasi-convexity of F and the compatability of the relation ≺u
K that

F (y0, y0) = F

(
y0,

n∑
k=1

λkyk

)
⪯u

K

n∑
k=1

µkF (y0, yk) ≺u
K {0},
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for some µ1, µ2, . . . , µn ≥ 0 with
∑n

k=1 µk = 1 which contradicts assumption (i). Hence, Γ is a KKM
map.

Thus all the assumptions of Lemma 2.6 hold. By applying Lemma 2.6 we get
⋂

y∈A Γ(y) ̸= ∅. There-
fore, WEff(F,K) ̸= ∅. □

We next obtain the following noncompact version of Theorem 3.1.

Theorem 3.2. Let A be a nonempty convex and closed subset of a topological vector space X and F :
A ⇒ Y be a set-valued map. Assume that

(i) F (x, x) ⊀u
K {0};

(ii) L{0}F (·, y) is closed on A for each y ∈ A;
(iii) F (x, ·) is u-type naturally K-quasi-convex on A for each x ∈ A;
(iv) there exists a nonempty compact subset C of A and ỹ ∈ A such that F (x, ỹ) ≺u

K {0} for all
x ∈ A \ C .

Then, WEff(F,K) ̸= ∅.

Proof. We consider the set-valued map Γ as defined in Theorem 3.1. It is clear from Theorem 3.1 that
Γ(y) is nonempty and closed set for all y ∈ A. Furhter, Γ is a KKM map.

We only need to prove that Γ(y) is compact for some y ∈ A. In fact, let ỹ ∈ A and the set C be the
same as in the hypothesis. Since Γ(y) is closed, it is sufficient to show that Γ(ỹ) ⊆ C . If Γ(ỹ) ⊈ C ,
then there exists x ∈ Γ(ỹ) such that x ∈ A\C . Since x ∈ Γ(ỹ), it follows that F (x, ỹ) ⊀u

K {0}, which
is a contradiction to assumption (iv), and hence, Γ(ỹ) is compact. □

Remark 3.3.
(a) The set L{0}F (·, y) =

{
x ∈ A : F (x, y) ⊀u

K {0}
}

is closed if the set-valued map x 7→ F (x, y)
is upper semicontinuous with compact values on A for all y ∈ A. Indeed, let {xλ}λ∈Λ be a net in
L{0}F (·, y) such that {xλ} converges to x. Then, F (xλ, y) ⊀u

K {0} for each y ∈ K , that is, there exists
zλ ∈ F (xλ, y) such that zλ /∈ −int(K) for all λ ∈ Λ. Let A0 = {xλ} ∪ {x}. Then A0 is compact and
zλ ∈ F (A0, y) which is compact by assumption. Therefore, {zλ} has a convergent subnet with limit z.
Without loss of generality, we may assume that {zλ} converges to z. Then by the upper semicontinuity
of F (·, y), we have z ∈ F (x, y). Consequently, z /∈ −int(K), that is, F (x, y) ⊈ −int(K). Thus
x ∈ L{0}F (·, y) and hence L{0}F (·, y) is closed.

(b) In view of the relationship between u-type K-quasi-convexity and u-type naturally
K-quasi-convexity of set-valued map F , we can replace u-type naturally K-quasi-convexity of F in
Theorem 3.1 and Theorem 3.2 by u-type K-quasi-convexity of F .

4. Existence of Weak Efficient Solutions with Negative Transitivity Property

In this section, we establish the existence of weak efficient solution sets in set-valued equillibrium
problems with negative transitivity property and nonlinear scalarization techniques.

We now introduce the negative transitivity property for set-valued maps.

Definition 4.1. A set-valued map F : X ×X ⇒ Y is said to satisfy the negative transitivity property
if

F (x, y) ⪯u
K {0}, F (y, z) ≺u

K {0} ⇒ F (x, z) ≺u
K {0}, (4.1)

for all x, y, z ∈ X .

Theorem 4.2. Let A be a nonempty convex and compact subset of a Hausdorff topological vector space X
and F : A×A ⇒ Y be a (−K)-bounded set-valued map. Assume that

(i) for any nonempty finite subset M of A and all y ∈ conv(M), F (x, y) ⪯u
K {0} for atleast one

x ∈ M ;
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(ii) L{0}F (·, y) is nonempty, closed and convex for all y ∈ X ;
(iii) F satisfies the negative transitivity property (4.1).

Then, WEff(F,K) ̸= ∅.

Proof. Define a bifunction f : X ×X → R by

f(x, y) = (huinf ◦ F )(x, y).

We shall show that all the conditions of Theorem 2.9 holds. From assumption (i), it follows that
F (x, y) ⊆ −K . By Lemma 2.4 (b), we have huinf(F (x, y)) ≤ 0, that is, f(x, y) ≤ 0. Thus,
minx∈Af(x, y) ≤ 0, that is, f is properly quasimonotone.

It follows from Lemma 2.4 (c) that huinf(F (x, y)) ≥ 0 if and only if F (x, y) ⊀u
K {0} and therefore as-

sumption (ii) is equivalent to Theorem 2.9 (b). Further, Theorem 2.9 (c) follows directly from assumption
(iii) using Lemma 2.4 (b)-(c).

Therefore, it follows from Theorem 2.9 that WEff(F,K) ̸= ∅. □

We obtain the following noncompact version of Theorem 4.2.

Theorem 4.3. Let A be a nonempty convex subset of a Hausdorff topological vector space X and F :
A × A ⇒ Y be a (−K)-bounded set-valued map such that the assumptions (i)-(iii) of Theorem 4.2 hold.
Assume that A contains a compact convex set C0 and a compact set K0 such that

(iv) there exists x ∈ C0 such that F (x, y) ⊀u
K {0} for each y ∈ A;

(v) one of the following assumption holds;
(v1) there exists y ∈ C0 such that F (x, y) ≺u

K {0} for each x ∈ A \K0;
(v2) F (x, y) ⊀u

K {0} for each x ∈ A \K0 and any y ∈ A \ C0.

Then, WEff(F,K) ̸= ∅.

Proof. Assume that (v1) holds. We denote

C := {C : C0 ⊆ C ⊆ A,C is compact and convex}.

For every C ∈ C, Theorem 4.2 provides a point xC ∈ C such that F (xC , y) ⊀u
K {0} for all y ∈ C . It

follows from (v1) that xC ∈ K0. If C1, C2 ∈ C, then the set conv(C1 ∪ C2) also belongs to C, because
the convex hull of the union of a finite family of compact convex sets is compact ([1, Lemma 5.29].
Consequently, C is a directed set relative to the order relation ⊆. Since the set K0 is compact, we may
assume that the net {xC}C∈C converges to some x0 ∈ K0.

We will now show that F (x0, y) ⊀u
K {0} for all y ∈ A. Let y ∈ A and denote Cy := conv(C0∪{y}).

It is easy to observe that Cy ∈ C and for every C ∈ C satisfying Cy ⊆ C , we have F (xC , y) ⊀u
K {0}.

Since the set L{0}F (·, y) is closed, it follows that F (x0, y) ⊀u
K {0}.

We now consider the case when (v2) holds. If assumption (v1) is satisfied, we have nothing to do.
So, let us assume that there exists x̃ ∈ A \K0 such that F (x̃, y) ⊀u

K {0} for all y ∈ C0. It follows from
(v2) that F (x̃, y) ⊀u

K {0} for all y ∈ A \ C0. Therefore, x̃ ∈ WEff(F,K). □

We now prove the following lemma which will be used in the sequel.

Lemma 4.4. Let A be a nonempty convex subset of X and F : A ⇒ Y be a u-type K-quasi-concave
set-valued map. If M is a nonempty finite subset of A and y ∈ conv(M), then

F (x) ⪯u
K F (y), for at least one x ∈ M.

Proof. Let the cardinality of M be n ∈ N. For n = 1 or n = 2, the conclusion is obvious. Assume that
the conclusion holds for some n ≥ 2. Consider a set {x1, x2, · · · , xn+1} ⊆ A and y =

∑n+1
i=1 λixi with
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λi ∈ (0, 1) and
∑n+1

i=1 λi = 1. Set λ =
∑n

i=1 λi, we have

y = λ
n∑

i=1

λi

λ
xi + (1− λ)xn+1. (4.2)

Since F is u-type K-quasi-concave set-valued map on A, we have either

F

(
n∑

i=1

λi

λ
xi

)
⊆ F (y)−K, (4.3)

or
F (xn+1) ⊆ F (y)−K. (4.4)

From the induction hypothesis, for some k ∈ {1, 2, · · · , n}, it follows that

F (xk) ⊆ F

(
n∑

i=1

λi

λ
xi

)
−K. (4.5)

It follows from (4.3) that

F

(
n∑

i=1

λi

λ
xi

)
−K ⊆ F (y)−K. (4.6)

It follows from (4.3) and (4.5) that F (xk) ⊆ F (y)−K , that is, F (xk) ⪯u
K F (y). □

Corollary 4.5. Let A be a nonempty convex and compact subset of X and assume that F satisfies negative
transitivity property (4.1) and the following conditions hold:

(i) F (x, x) ⪯u
K {0} for all x ∈ A;

(ii) there exists x ∈ A such that F (x, y) ⊀u
K {0};

(iii) the function F (·, y) is (−K)-upper semi-continuous and u-type K-quasi-concave on A.
Then, WEff(F,K) is nonempty, convex and compact.

Proof. We need to prove that the assumptions (i) and (ii) of Theorem 4.2 are fulfilled.
Let M be a nonempty finite subset of A and y ∈ conv(M). In view of Lemma 4.4, for some x ∈ M ,

we have
F (x, y) ⊆ F (y, y)−K ⊆ −K −K ⊆ −K,

and hence, Theorem 4.2 (i) holds.
Define a set-valued map Γ : A ⇒ A by

Γ(y) := {x ∈ A : F (x, y) ⊀u
K {0} for all y ∈ A}.

Assume to the contrary that there exists x1, x2 ∈ Γ(y) and λ ∈ [0, 1] such that λx1 + (1− λ)x2 /∈
Γ(y), that is,

F (λx1 + (1− λ)x2, y) ⊆ −intK.

Since F (·, y) is u-type K-quasi-concave, for i ∈ {1, 2}, we have

F (xi, y) ⊆ F (λx1 + (1− λ)x2, y)−K ⊆ −intK −K = −intK,

which contradicts that x1, x2 ∈ Γ(y), and hence, Γ(y) is convex.
Finally, we show that Γ(y) is closed, or equivalently, its complement Γc(y) = A \ Γ(y) is open

in A. If x̄ ∈ Γc(y), that is, F (x̄, y) ≺u
K {0}, then F (x̄, y) ⊆ −intK . This implies that −intK is

an open neighbourhood of F (x̄, y). As F (·, y) is (−K)-upper semi-continuous on A, there exists a
neighbourhood U of x̄ in A such that

F (x, y) ⊆ −intK −K ⊆ −intK, for all x ∈ U.

Hence U ⊆ Γc(y), and so, Γc(y) is open. □
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5. An Application to Non-Cooperative Game Theory

This section deals with an application of the results of previous sections to the non-cooperative game
theory. We establish the existence of weak Nash equilibria for the non-cooperative game. We denote
R+ = {x ∈ R | x ≥ 0} and interior of R+ by R++ = {x ∈ R+ | x > 0}.

Consider a non-cooperative game

G = {N, {Xi}i∈N, {Fi}i∈N},

where
(a) N = {1, 2, · · · , n} is the set of players;
(b) Xi is a strategy set of the ith player which is a nonempty subset of a Hausdorff topological

vector space Zi;
(c) Λ =

∏
i∈NXi ⊆ Z =

∏
i∈N Zi. For each i ∈ N, Fi : Λ ⇒ R is a set-valued playoff function of

the ith player.
Set Λ−α := Πj∈N\{i}Xj . For any given x = (x1, x2, · · · , xn) ∈ Λ and each i ∈ N, we write

x−i = (x1, · · · , xi−1, xi+1, · · · , xn). For each i ∈ N and yi ∈ Xi, we denote

(yi, x−i) = (x1, · · · , xi−1, yi, xi+1, · · · , xn) ∈ Λ.

Motivated by [18, Definition 3.1] and [33, Definition 7], we define the following notion of weak
robust Nash equilibria for set-valued non-cooperative game G.

A point x̄ = (x̄1, x̄2, · · · , x̄n) ∈ Λ is a weak Nash equilibrium for the game G if for each i ∈ N,

Fi(x̄i, x̄−i)− Fi(xi, x̄−i) ⊀u
R+

{0}, for all xi ∈ Xi.

Now, we define the total sum of set-valued playoff functions by a mapping G : Λ×Λ ⇒ R associated
with the game G as follows:

G(x, y) =
n∑

i=1

Fi(yi, x−i), for all x, y ∈ Λ.

Lemma 5.1. If there exists x̄ = (x̄1, x̄2, · · · , x̄n) ∈ Λ such that

G(x̄, x̄)− G(x̄, y) ⊀u
R+

{0}, for all y ∈ Λ,

then x̄ is a weak Nash equilibrium for the game G.

Proof. For each i ∈ N, we take y = (x̄1, · · · , x̄i−1, xi, x̄i+1, · · · , x̄n) ∈ Λ. Then by the hypothesis, it
follows that( ∑

j∈N\{i}

Fj(x̄j , x̄−j) + Fi(x̄i, x̄−i)

)
−

( ∑
j∈N\{i}

Fj(x̄j , x̄−j) + Fi(xi, x̄−i)

)
⊀u

R+
{0}.

This implies that
wi +

(
Fi(x̄i, x̄−i)− Fi(xi, x̄−i)

)
⊀u

R+
{0},

where wi =
∑

j∈N\{i} Fj(x̄j , x̄−j)−
∑

j∈N\{i} Fj(x̄j , x̄−j).

It remains to prove that for each i ∈ N ,

Fi(x̄i, x̄−i)− Fi(xi, x̄−i) ⊀u
R+

{0}, for all xi ∈ Xi.

If it is not true, then there exists i0 ∈ N and xi0 ∈ Xi0 such that

Fi0(x̄i0 , x̄−i0)− Fi0(xi0 , x̄−i0) ≺u
R+

{0}.
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Since R+ + R++ = R++, we have

wi0 + Fi0(x̄i0 , x̄−i0)− Fi0(xi0 , x̄−i0) ≺u
R+

{0},

which is a contradiction. Thus, x̄ is a weak Nash equilibrium for the game G. □

We next obtain the existence of weak Nash equilibria for the set-valued non-cooperative game G.

Theorem 5.2. Assume that Λ =
∏

i∈N Xi is nonempty, convex and compact. Set H(x, y) = G(x, x) −
G(x, y). Assume that the following hold:

(i) H(x, y) ⊀u
R+

{0};
(ii) L0H(·, y) is closed for each y ∈ A;

(iii) G(x, ·) is u-type naturally (−R+)-quasi-convex on Λ.

Then, the game G has a weak Nash equilibrium.

Proof. Clearly, conditions (i) and (ii) of Theorem 3.1 follows from assumptions (i) and (ii).
Next, we claim that for each x ∈ Λ, H(x, ·) is u-type naturally R+-quasi-convex on Λ. Indeed, fix

any x ∈ Λ. For any finite subset {s1, s2, · · · , sm} ⊆ Λ and any λi ∈ [0, 1], i = 1, 2, · · · , n with∑n
i=1 λi = 1, it follows that

H

(
x,

n∑
i=1

λisi

)
= G(x, x)− G

(
x,

n∑
i=1

λisi

)
.

Since G(x, ·) is u-type naturally (−R+)-quasi-convex on Λ, there exists µi ∈ [0, 1], i = 1, 2, · · · , n
with

∑n
i=1 µi = 1 such that

G
(
x,

n∑
i=1

λisi

)
⪯u

R+

n∑
i=1

µiG(x, si).

Thus,

H

(
x,

n∑
i=1

λisi

)
⪯u

R+

n∑
i=1

µiH(x, si).

This implies that H(x, ·) is u-type naturally R+-quasi-convex on Λ.
Thus all the conditions of Theorem 3.1 are satisfied, and so, there must exists x̄ ∈ Λ such that

H(x̄, y) ⊀u
R+

{0} for any y ∈ Λ which implies that G(x̄, x̄) − G(x̄, y) ⊀u
R+

{0}. It follows from
Lemma 5.1 that the game G has a weak Nash equilibrium. □

We now obtain the existence of a weak Nash equilibrium for the set-valued non-cooperative game
G.

Theorem 5.3. Assume that Λ =
∏

i∈N Xi is nonempty, convex and compact. Set H(x, y) = G(x, x) −
G(x, y). Assume that the following hold:

(i) For any nonempty finite subsets Λ̄ of Λ and all y ∈ conv(Λ̄), H(x, y) ≺u
R+

{0} for at least one
x ∈ Λ̄;

(ii) L{0}H(·, y) is nonempty, closed and convex for each y ∈ Λ;
(iii) H satisfies the negative transitivity property (4.1), that is,

H(x, y) ⪯u
R+

{0}, H(y, z) ≺u
R+

{0} ⇒ H(x, z) ≺u
R+

{0}, for all x, y, z ∈ Λ.

Then, the game G has a weak Nash equilibrium.
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6. Conclusions

This paper investigates the existence of weakly efficient solutions to set-valued equilibrium problems.
We proposed the negative transitivity property for set-valued maps and utilized it to derive the existence
of the solutions in set-valued equilibrium problems using nonlinear scalarization techniques. However,
we also study the existence of weakly efficient solutions without negative transitivity properties. We
give an application to non-cooperative game theory with a set-valued playoff function.
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[26] M. Kapoor. Vector optimization over cones involving support functions using generalized (Φ, ρ)-convexity. OPSEARCH,

54:351-364, 2017.
[27] K. Kimura and J. C. Yao. Semicontinuity of solution mappings of parametric generalized vector equilibrium problems.

Journal of Optimization Theory and Applications, 138:429-443, 2008.
[28] J. Li. Constrained ordered equilibrium problems and applications. Journal of Nonlinear and Variational Analysis, 1:357-

365, 2017.
[29] Y.-C. Lin, Q. H. Ansari, and H. -C. Lai. Minimax theorems for set-valued mappings under cone-convexities. Abstract and

Applied Analysis, 2012:Article ID 310818, 2012.
[30] L.-J. Lin, Q. H. Ansari, and J. Y. Wu. Geometric properties and coincidence theorems with applications to generalized

vector equilibrium problems. Journal of Optimization Theory and Applications, 117(1):121-137, 2003.
[31] D. T. Luc. Theory of Vector Optimization. Lecture Notes in Economics and Mathematical Systems, vol. 319, Springer-Berlin,

Heidelberg, 1989.
[32] K. Seto, D. Kuroiwa, and N. Popovici. A systemization of convexity and quasiconvexity concepts for set-valued maps,

defined by l-type and u-type preorder relations. Optimization, 67(7):1077-1094, 2018.
[33] P. K. Sharma and C. S. Lalitha. Connectedness of the solution sets in generalized semi-infinite set optimization. Opti-

mization Letters, 17:1575-1594, 2023.


	1. Introduction
	2. Preliminaries
	3. Existence of Weak Efficient Solutions without Negative Transitivity Property
	4. Existence of Weak Efficient Solutions with Negative Transitivity Property
	5. An Application to Non-Cooperative Game Theory
	6. Conclusions
	Statements and Declarations
	Acknowledgments
	References

