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THE DYNAMIC STRING-AVERAGING ALGORITHM FOR A FAMILY OF VARIATIONAL
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ABSTRACT. In a Hilbert space, we study the convergence of the combination of the dynamic string-
averaging algorithm and the subgradient method to a common solution of a finite family of variational
inequalities and of a finite family of fixed point problems. We show that most exact iterates of our al-
gorithm are approximate common solutions of the family of variational inequalities and approximate
common fixed points for the family of mappings.
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1. INTRODUCTION

Gradient-type methods and variational inequalities have recently been and continue to be important
topics in optimization theory and its applications. See, for example, [1, 2, 3, 4, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19] and references mentioned therein. In the present paper we study, in the setting
of a Hilbert space, the behavior of the sequences generated by the combination of the subgradient
method and the dynamic string-averaging algorithm for finding a common solution of a finite family
of variational inequality problems and a finite family of fixed point problems. We show that most exact
iterates of our algorithm are approximate common solutions of the family of variational inequalities
and approximate common fixed points for the family of mappings. The prototypes of our results were
obtained in [15, 18, 19] for a single variational inequality.

Let (X, (-,-)) be a Hilbert space equipped with an inner product (-,-) which induces a complete
Euclidean norm ||z = (z,z)/2, z € X. We denote by Card(A) the cardinality of the set A. For every
point z € X and every nonempty set A C X define

d(z, A) :=inf{||lz —y| : y € A}.
For every point € X and every positive number r put
Bz,r)={ye X: |z —y| <r}
Let
ce(0,1), 0<m <7< 1. (1.1)

In the sequel we use the following well-known result [17].

Lemma 1.1. Let D be a nonempty closed convex subset of X. Then for each x € X there is a unique point
Pp(x) € D satisfying
[z = Pp(z)]| = inf{]lz -yl : y € D}.

Moreover,
|Pp(z) — Po(y)|| < [|lz —yl| forallz,y € X
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and for each z € X and each z € D,

(z — Pp(x),x — Pp(x)) <0,

Iz = Pp(@)] + [l — Pp(2)]* < ||z — .
Let C be a nonempty closed convex subset of X. In view of Lemma 1.1, for every point € X there
is a unique point Po(z) € C satisfying
[ = Po(x)|| = nf{[lz =yl : y € C}.

Moreover,

[1Po(z) = Pl < llz -yl
for all x,y € X and for each x € X and each z € C,

(z — Po(z),z — Po(z)) <0.

Let £ be a finite set of pairs (f, C') where C' is a nonempty closed convex subset of X, and f : X —
X and £, be a finite set of mappings 7" : X — X. We suppose that the set £ U L2 is nonempty. (Note
that one of the sets £ or £ may be empty.)

Set

[ = Card(£q U L9). (1.2)

We suppose that for each (f,C') € £; the mapping f is Lipschitz on all bounded subsets of X, the

set
S(f,C)={zeC: (f(zr),y—z)>0forally € C} (1.3)
is nonempty and that

(f(y),y—x) >0forally € C and all z € S(f,C). (1.4)

Evidently, every point x € S(f, C) is considered as a solution of the variational inequality associated

with the pair (f,C) € L;:
Find z € C such that (f(z),y —z) > Oforally € C.
For every pair (f,C') € £; and every positive number € define
S(f,C) = fw e C: (f(@).y—a) = —elly — al| — e forall y € C}. (1.5)

Note that every point z € S¢(f, C) is an e-approximate solution of the variational inequality associated
with the pair (f,C') € £;. This fact is confirmed by the examples considered in [15].
We suppose that for every mapping T € L the set

Fix(T):={z€ X : T(z) =z} #10, (1.6)
lz = 2l* > ||z = T(@)|* + éllz — T ()|
forall z € X and all z € Fix(T). (1.7)
For every mapping T' € L9 and every positive number € define
Fix (T):={z€ X : |T(z) — z|]| < €} (1.8)
Put
S = [ﬂ(ﬁc)eﬁlS(f, a)n [ﬂTeKQFiX(T)]. (1.9)
Let 7 > 0 and (f,C) € L;. For every point = € X define
Qrro(x) = Po(r —7f(x)), (1.10)

Prre(e) = Fo(r —1f(Qrfc0(2))). (1.11)
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We apply a dynamic string-averaging method with variable strings and weights in order to obtain a
good approximative solution of the common fixed point problem. It should be mentioned that string-
averaging algorithms were first introduced by Y. Censor, T. Elfving and G. T. Herman in [5] for solving
a convex feasibility problem, when a given collection of sets is divided into blocks and the algorithms
operate in such a manner that all the blocks are processed in parallel.

Next we describe the dynamic string-averaging method with variable strings and weights.

By a mapping vector, we a mean a vector " = (T7,...,T},) such that foralli = 1,...,p,

T, € Lo U {P‘r,f,C : (f, C) €Ly, TE [7’*,7’*}}.
For an mapping vector T' = (11, ...,T}) set

p(T) = 4. (1.12)
Denote by M the collection of all pairs (€2, w), where (2 is a finite set of mapping vectors and
w: 2 — (0, 00) satisfies Z w(T) = 1. (1.13)
TeQ

The dynamic string-averaging method with variable strings and variable weights can now be de-
scribed by the following algorithm. This algorithm is a combination of the dynamic string-averaging
algorithm [5] and the extragradient method [13].

Initialization: select an arbitrary point zg € C.
Iterative step: given a current iteration vector xj, pick

(g1, 1) €M

calculate the next iteration vector x 1 by

Tt = > W1 (T) Ty -~ Th (@)
T=(T1,...,TP<T))EQk+1

Fix
A € (0,Card(L£y U £2)7h), (1.14)
a natural number N and an integer
q=1 (1.15)
Denote by M, the set of all (2, w) € M such that
p(T) < q forall T € Q, (1.16)
w(T) > Aforall T € €. (1.17)

Denote by R the set of all sequences {(£2;, w;)};2; C M, such that the following properties hold:

(Q1) for every integer j > 1 and every mapping S € Lo there exist an integer k € {j,...,j+N—1}
and T' = (T4, ..., Tyr)) € Q4 such that

Se{l,....Tynh

(Q2) for each integer j > 0 and every pair (f,C) € L; there exist k € {j,...,5 + N — 1},
T=(T,... 7Tp(T)) €O, TE [7’*,7’*} such that P, o € {Tl, . 7Tp(T)}~

We use the following definitions which are needed in order to study inexact iterates of our algorithm.

Letx € C andlet T'= (14, ...,Tt,r)) be an mapping vector. Define

Ao(z,T) = {(y,\) € C x R":
there exist sequences {yi}zii?, {vi}fg) C X such that

Yy =
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and for alli € {1,...,p(T)},if T; € Lo, then

vi = Ti(yi-1), vi = vi,
and if T; = Py, where
(f,C) e Ly, T €[m, T,

then

v; = Qr 5,0 (Yi-1), ¥i = Po(yi-1 — 7f(vi)),

Y = Yp(t)
A =max{|lv; —yi—1| : i=1,...,p(T)}}. (1.18)
Let z € X and let (2, w) € M. Define
Az, (Q,w)) = {(y,\) € X x R' : there exist
(yr, Ar) € Ao(z,T), T € Q such that
y=> w(Tyr, A\=max{\p: T € Q}}. (1.19)
TeR

Our goal is, for a given € > 0, to find a point « which is an e-approximate common solution of the
problems associated with the family of operators £; U Ls.

2. AUXILIARY RESULTS
Lemma 2.1. (Lemma 12.9 of [17]) Assume that
7>0, us €8, Mg >0, My >0, L>Q0,
f(B(u*aMO)) C B(07M1)7
1f(21) = f(z2)|| < Llz1 — 2|
forall z1, z9 € B(uy, Mo+ 7My).
Let
u € B(u*’MO)a v = PC(U - Tf(’LL)),
T:={weX: (u—71f(u) —v,w—v) <0},
D be a convex and closed subset of X such that
ccDhcT
(note that C' C T') and let
= Pp(u—T1f(v)).
Then
| = w|* < flu = ue? = (1= 72L2)|Ju — v||*.
Lemma 2.2. ([20]) Let o
(f, C) S [,1, M[),Ml,L > 0,
f(B(0, My + 1)) € B(0, M),
1/ (21) = fz2)|| < Lllz1 — 2]
forall z1, 29 € B(0, My + 1),
T*L <1, T € [Ty, T"],
0<7v,6<27!
A=(y+0) L+t + M),
U B(O,Mg),
v € B(Po(z —7f(2)),9),
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Z € B(Po(x —7f(v)),0)
and
o — vl <.
Then for each & € C,
(f(2),6 —x) > —(v+ )7, [|€ — =]
—7 (v +0)* = Mi(y +6),
Po(x —7f(x)) € Salf,C),
d(z,S5(f,C)) < |lz = Po(z = 7f () < v+,
|z —Z| < 2v+ 26.

3. ExAcT ITERATIONS

We prove the following result which shows that most exact iterates of our algorithm are approximate

common solutions of the family of variational inequalities and approximate common fixed points for

the family of mappings L.
Theorem 3.1. Lete € (0,1], My > 1 be such that
B(0,Mp) NS #0
andlet M1 > 1, L > 1,
L <1

and let for each (f,C) € L1,

f(B(0,3My+ 1)) C B(0, M),

1f(z1) = f(z2)ll < Lllz1 — 22|

forall z1,z9 € B(0,3My + My + 1),

0 =min{27 g (N + 1) te, 271G + 1) TN L+ 70t + My +3My + 3) e

Assume that
{Qi, wi) }iZ1 € R,
xo € B(0, M),
{z;}32, € X, {Ni}2 C [0,00) and that for each integeri > 1,
(i, Ai) € A(zi—1, (4, w;)).

Then

|lzi|| <3My, i =0,1,...
and

Card({k € {0,1,...}: thereisi € {k,..., N — 1} such that \i+1 > Y0})
< AMZNA '3 2 min{e, (1 — (7*L)?)} L.
Moreover, if an integer ¢ > 0 and
Ait1 <70, i=¢,. ., + N =1,
then foreachk € {q,...,q+ N}, foreach T € L5 and each (f,C) € L1,
d(x; € Fix(T)) <,
d(x;, Se(f,C)) <.
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Proof. In view of (3.1), there exists
usx € B(0, Mp) N S.
It follows from (3.7) and (3.9) that
Hu* — l‘oH < 2M0.
Let £ > 0 be an integer. By (3.8),
(@ht1, Met1) € A(@r, (L1, We1))-

Equations (1.19) and (3.11) imply that there exist
(Wk,r, A1) € Ao(ak, T,0), T € Qpia

such that
Tepr = > Weyr (D)yer
TEQi1
/\k+1 = maX{)\ij T e QkJrl}.
Let

T= (Tl, R 7Tp(T) S Qk+1.
By (1.18) and (3.12), there exist sequences {yi(k’T) fg;), {vgk’T) }f’g) C X such that

(k,T) _ (kT)
Yo = Tky Yk,T = Yp(T)

and for eachi € {1,...,p(T)},
if T; € Lo, then yz(k T _ = T;(yi— 1)(k’T) = vZ(k’T),

and if T; = P y o, where

(f,C) € Ly, T €[m,T7],
then

—fo, (),
=~ ri"")),
Ak, = max{|v; ci=1,...,p(T)}.

Let k > 0 be an integer, t € Q41,7 € {1,...,p(T)} and

yz(k ) PC(yz l
kT kT
|

kT
Iy — .| < 2My.

Assume that T; € Lo. By (3.9) and (3.16),

kT k;T
s — 5502 >l Tw”UW+ﬂT@15 R

:”u* - yz

+ el — g2,

Assume that T; = P, r ¢, where
(f,C) € Ly, T €1, T7].

By (3.3), (3.4), (3.9), (3.17), (3.18), (3.20) and and Lemma 2.1 applied with M replaced by 2Mj,

D=C u=y", v=o"" a=y{",

(A
we have
k,T k,T ¥ kT k,T
Iy — < o™ =l = (1= (L) = o2
Together with (3.21) this implies that in both cases

kT kT . o * kT kT
Iy — w2 > 9% = w))? + minfe, (1= (7 L))}y — o2,

Thus we showed that the following property holds:

177

(3.9)
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(P1)If k > Ois an integer, T € Q41,4 € {1,...,p(T)} and

(k,T)

Hy’L ’U,*H S 2M07

then (3.22) is true.
Applying property (P1) by induction we conclude that the following property holds:
(P2) If k£ > 0 is an integer, T' € (2;11 and

|z — usl] < 2Mo,
then for each i € {1,...,p(T)},
™" = | < 2Mo
and (3.22) is true.
Lemma 3.2. Let k > 0 be an integer and
lxe — us] < 2M.
The for eachT' € 41,
lus =yl < flu = 2]|* = min{e, 1— (7)2L%)}A; 1,
e = 2t |[* < e — ] = Amin{e, 1— (7 L2IA,. (3.23)
Proof. Let T' € Q1. Property (P2) implies that for each i € {1,...,p(T)},
™" = < 2Mo
and (3.22) is true. It follows from (3.15), (3.19) and (3.22) that

kT
s — zil|? = e — g =l — 5572

k:T kT
=3 " Olue = 55012 = flus — 55712

(k,T)
— [Jus — Yp(T) H2

=3 minfe, 1 - (=)2 L2} ly"]) — o)

>min{¢, 1— (T*)2L2})\%7T. (3.24)
2,(1.13), (3.13), (3.14) and (3.24),

e = e |? =l — Y wia(T)

By the convexity of the function || -

TEQk+1
< Z w1 (T) e — yier |
TGQ;C+1
< > wen(D)(Jus — apl* —minfe, 1— (7 LA 7)
TGQk+1

<[l — @y — Aminfe, 471(1 = (7%)° L) IAy-
Lemma 3.2 is proved. 0

By (3.10) and Lemma 3.2 applied by induction we obtain
|k — us|| < 2My, ||lzk|| < 3Mo, k=0,1,.... (3.25)
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Let n be a natural number, In view of (3.23), (3.25) and Lemma 3.2,

AM§ >H$o —wl? > flzo — w? — l|lzn — wl|?

_E:H%—UN ~ Jlzis1 = wl?) = Aminfe, (1 L%}j&ﬂ

>A mln{c, (1 — (%) L*}ygCard({i € {0,...,n — 1} : Njy1 > fyo}).
Since the relation above holds for any natural number n we conclude that
Card({i € {0,1,...}: Aiy1 > y0}) < 4MZA~ ' min{e, (1 — (7%)2L?} g 2. (3.26)
Set
E={ke{0,1,...}: thereisi € {k,...,N — 1} such that A\;11 > 1}. (3.27)
By (3.26) and (3.27),
Card(E) < 4MZNA™ ' min{c, (1 — (7%)2L%} "1y 2.
Assume that ¢ > 0 is an integer and
N <7,i=q,...,q—1+N. (3.28)
It follows from (3.14), (3.19) and (3.28) that for each j € {q,...,q+N—1},each T = (T1, ... , Tory) €
Qi1 andeachi € {1,...,p(T)},
A1 <70, A <0, 1827 = o) < . (3.29)

Letj € {q,....,q+ N —1},T = (T1,. .., Tyry) € Qprandi € {1,...,p(T)}. If T; € Lo, then by
(3.29),

oy’ = < 0. (3.30)
Assume that 7 € [, 7], (f,C) € L1,
T =P e (3.31)
Equations (3.17), (3.18) and (3.29) imply that

MA ) T T NMA T
A e B D
<0+ 1Pe(y?y) =) = Pe) = D)

<0+ 710 ) = F T (3:32)
Property (P2), (3.9), (3.15), (3.25) and (3 29) imply that

v~

Iy < 30y, 97| < 3Mg + 1. (3.33)
By (3.4), (3.29) and (3.33),
£ 8™y = I < LoD — 42D < Ly, (3.34)
In view of (3.2), (3.32) and (3.34),
2T — 9| < yg + 7 Lo < 29

Together with (3.30) this implies that the following property holds:
®3)ifj € {q,...,q+ N =1},T = (T1,...,Tyr)) € Q41,3 € {1,...,p(T)}, then

j,T i, T
Iy = ol < 270,
Property (P3) and relation (3.15) imply that the following property holds:
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PaHIfjec{q....q+N—-1},T = (T1, ..., Tyry) € Qjp1andi € {1,...,p(T)}, then

i, T _
5 — 7| < 270,
lz; — yirll < 2¢70,

|2 — 41l < 2¢70. (3.35)
We need only to show that (3.35) holds. By (1.13), (3.13) and the convexity of the norm,

oy = 2l =llllzy = > wi (Dy;rl

TEQJ‘+1
< Z w]+1 |513J yj,TH < 2¢70
TEQ]+1
and (P4) holds.
It follows from (3.35) and property (P4) that for each j1,jo € {q,...,q+ N},
25, = @]l < 270GN. (3.36)

Let S € L. Property (Q1) implies that there exist j € {q,...,q+ N —1},T = (T3, ... s Tory) € Q41
such that
S e {Tl, e ’Tp(T)}-
There exists i € {1,...,p(T)} such that
S=T,. (3.37)
By (3.16), (3.29) and (3.37),

(4,T)

. .
lyZT — ST = N <70 <,

T
Iy —

yl( 1) € Fix.(5).
Together with property (P4) this implies that
d(aj Fixe(5)) < |lz; —y1 || < 200,
It follows from (3.5), (3.36) and the relation above that for each k € {q,...,q+ N},
d(wy, Fixe(5)) < |log — ;]| + d(@;, Fixe(S)) < 290(N +1)g < e.

Thus
d(xy, Fixc(S5)) < e

for each S € Ly and each k € {q,...,q+ N}.
Let (f,C) € L;. Property (Q2) implies that there exist j € {q,...,q + N — 1}, 7 € [r,7*] and
T = (Ty,...,Tyr)) € )41 such that

v Ap
Prjc €{T1,.... Tyn)}-
By (3.17), (3.18) and the relation above, there exists i € {1,...,p(T")} such that

It is easy to see that
A:=2y(L+7 ' + M +3)<e
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It follows from property (P4), (3.17), (3.18), (3.25), (3.29) and Lemma 2.2 applied with My = 3My + 1,

( T) i~ (.77

Ml—Ml,x—yf]’l),v—v]’ , T =Y, ),7 Yo that

dy??, S:(f,0)) < 230,

Together with property (P4) this implies that

d(z;,5:(f,C)) < l&; — 7| + d9 T, Se(£,C)) < 2a70 + 270,

Combined with (3.36) this implies that for each k € {q,...,q+ N},

d(@p, Se(f,C)) < [lwg — ;|| + d(z;, Se(f, C))
<29%NG+2(q+ 1)y < 29N +1)(g+1) <e

Theorem 3.1 is proved. g
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