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ABSTRACT. We propose the double inertial stochastic relaxed forward-backward-forward (DI-SRIFBF) al-
gorithm for solving monotone inclusions in Hilbert spaces. The method augments the stochastic FBF
framework with two sequential inertial extrapolation steps, and it evaluates the single-valued operator
via independent mini-batches at each forward step. This design avoids the correlation issues that arise
when the same batch is reused, and it yields a stochastic conditioning that fits the Robbins-Siegmund
template without hidden measurability assumptions. Under explicit, algebraically verifiable step-size re-
strictions that hold for every relaxation parameter p € (0, 2), we establish almost-sure weak convergence
provided the inertial parameters and mini-batch variances are summable. We also prove an O(1/k) rate
for the discrete velocity and, under strong monotonicity with geometrically growing batch sizes, linear
convergence. Choosing the growth factor 7 = (1 — n/2) ™" gives an O(1/¢) oracle complexity. Finally,
we derive explicit non-asymptotic bounds for biased stochastic oracles, showing that the iterates settle
into an O(B?/u?) neighborhood of the unique solution. Numerical experiments on two-stage stochastic
variational inequalities and group sparse learning confirm the theoretical predictions and demonstrate a
practical advantage over single-inertial and non-inertial benchmarks.

Keywords. Double inertia; stochastic forward-backward-forward splitting; monotone inclusion; vari-
ational inequality; inertial algorithm; biased stochastic oracle; almost sure convergence; linear conver-
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1. INTRODUCTION

Let H be a separable real Hilbert space with inner product (-, -) and induced norm || - ||. We consider
the stochastic monotone inclusion problem

Find z* € H such that 0 € (A + V)(z"), (1.1)

where A : H — 2% is maximally monotone, V' (z) = E¢[V¢(x)] is monotone and L-Lipschitz continu-
ous, and £ ~ P. The solution set S = zer(A + V) is assumed nonempty. Problem (1.1) is ubiquitous
in optimization, variational analysis, and machine learning: it captures convex—concave saddle-point
problems, composite convex minimization, and equilibrium models in stochastic programming and
game theory [3, 9, 22].
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Deterministic template. When V is available exactly, a classical algorithm for (1.1) is Tseng’s forward-
backward-forward (FBF) method [24]. At each iteration, FBF performs a forward step, a resolvent
(backward) step, and a second forward correction that requires no additional operator evaluations be-
yond the two points already computed. The method refines the standard forward-backward splitting
by removing the cocoercivity assumption on V, and it has found renewed interest in adversarial train-
ing and generative modeling [10, 6]. Another closely related scheme is Korpelevich’s extragradient
method [16], which uses two projected gradient steps per iteration and has been the template for a vast
literature on variational inequalities.

Inertial acceleration. A separate line of research seeks to accelerate first-order methods by inertial (or
momentum) extrapolation. The idea traces back to Polyak’s heavy-ball method [21] for smooth mini-
mization, where momentum was shown to improve the local convergence rate. For maximal monotone
inclusions, Alvarez and Attouch [1] introduced an inertial proximal algorithm by discretizing a non-
linear oscillator with damping, and proved weak convergence under a summability condition on the
inertial parameter. Subsequent works extended this framework to forward—backward splitting [18, 20],
Douglas—Rachford splitting [5], and primal-dual algorithms [4]. Attouch and Cabot [2] later proposed
relaxed inertial proximal methods that combine extrapolation with over-relaxation, obtaining faster
convergence in practice while preserving theoretical guarantees. Mainge [19] introduced a correction
term in the inertial step that allows larger momentum parameters without sacrificing monotonicity of
the distance to solutions.

Stochastic settings. In large-scale and data-driven applications, evaluating V' exactly is prohibitively
expensive because V is an expectation over a high-dimensional or continuous probability space. Sto-
chastic approximation schemes replace the exact operator by a mini-batch estimator Vy, drawing i.i.d.
samples £ ; ~ P. Juditsky, Nemirovski and Tauvel [15] developed the stochastic mirror-prox algorithm
with O(1/k) rate for monotone variational inequalities. Iusem et al. [14] combined the extragradient
idea with variance reduction (SVRG-style) and proved linear convergence under strong monotonicity.
More recently, Kotsalis, Lan and Li [17] proposed operator-extrapolation methods that achieve order-
optimal oracle complexity for merely monotone problems, while Hsieh et al. [12, 13] analyzed single-call
stochastic extragradient schemes with adaptive step-size scaling. Gorbunov et al. [11] gave a unified
analysis of stochastic extragradient methods under expected cocoercivity. In the specific context of
FBF-type splitting, Cui et al. [7] proposed the stochastic relaxed inertial forward-backward-forward
(SRIFBF) algorithm and established almost-sure weak convergence under summable inertial parame-
ters and mini-batch variances.

Double inertia. All the aforementioned inertial schemes use a single extrapolation step. Empirically,
however, multi-step memory often yields superior acceleration, especially on ill-conditioned or stiff
problems. In the deterministic setting, Wang et al. [25] introduced a double inertial forward-backward-
forward method with adaptive step-size for quasi-monotone variational inequalities, showing that two
sequential extrapolations can outperform single inertia. Thammasiri et al. [23] developed a double
Tseng algorithm with inertial terms for image deblurring. These works suggest that the second iner-
tial step provides additional “inertia” that helps the trajectory traverse flat regions and narrow valleys
more efficiently. Nevertheless, to our knowledge no stochastic variant of double inertial FBF has been
analyzed in the literature, and the interaction between two coupled extrapolation steps and mini-batch
noise is nontrivial.
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Biased oracles. A practical concern often overlooked in the theoretical literature is bias: stochastic gra-
dients may be corrupted by systematic errors (compression, quantization, surrogate models, or finite-
difference approximations). Driggs, Liang and Schonlieb [8] highlighted that biased stochastic gradient
estimates arise naturally in many engineering pipelines and can prevent convergence to the exact so-
lution if not properly accounted for. Quantitative bounds that explicitly track the bias are therefore
essential for reliable deployment.

Gaps and our contributions. Motivated by the above developments, we introduce and analyze the
double inertial stochastic relaxed forward-backward-forward (DI-SRIFBF) algorithm. Our work
addresses four specific gaps in the existing literature:

(1) Algorithm. We extend the SRIFBF framework of Cui et al. [7] to double sequential inertial
extrapolations:

Pr = xk + Br(xr — xK—1), Yk = Pk + V(P — Pr—1)s

thereby generalizing both single-inertial FBF and deterministic double-inertial methods to the
stochastic setting.

(2) Stochastic conditioning. We use independent mini-batches for the two forward evaluations
(at yx and at z;). While independent samples are standard in stochastic mirror-prox and ex-
tragradient methods [15, 12], their integration with double inertia and the resolvent-based FBF
step is new and requires a distinct conditioning argument that avoids the correlation issues that
plague same-sample estimators. This leads to a Robbins—Siegmund argument without hidden
measurability assumptions.

(3) Explicit and satisfiable parameter restrictions. We derive a closed-form step-size bound

Ag%(\/(l—p)HW—\l—p!),

valid for every relaxation parameter p € (0,2). Under strong monotonicity we give a joint
condition on (\, p, i, L) that is algebraically verifiable and does not rely on asymptotic hand-
waving.

(4) Biased-oracle analysis. We provide explicit non-asymptotic bounds for oracles with bounded
bias B, showing that the iterates converge to an O(B2 /%) neighborhood of the solution, with
constants tracked exactly.

Technical highlights. The analysis rests on a carefully constructed Lyapunov function
Oy, = [log — 2*||* + Agllzr — zx1]* + Brllpk — a1,

with recursively defined weights Ay, By, that absorb the inertial memory terms. Because the double in-
ertial step generates cross-correlations between z; — z;_1 and py — pr—1, the standard single-inertial
Lyapunov is insufficient; our weights are designed so that the telescoping inequalities hold for all k
and all p € (0,2). The strong-monotonicity analysis uses the resolvent identity to extract a contrac-
tion factor 1 — n with n = pAp/2, while the mini-batch variance is controlled by geometric growth
mpy1 = [Tmg] with 7 > (1 —n/2)7L.

Organization. The rest of the paper follows a natural arc from definitions to algorithm to analysis
to numerics. Section 2 fixes the stochastic notation and recalls the operator-theoretic background.
Section 3 presents DI-SRIFBF, explains why independent mini-batches are essential, and relates the
method to existing templates. The core convergence analysis occupies Section 4: we first establish a
deterministic quasi-nonexpansivity estimate, then derive the fundamental stochastic inequality, build
the Lyapunov function with recursive weights, and prove almost-sure weak convergence. Section 5
establishes an O(1/k) rate for the discrete velocity, Section 6 proves linear convergence and optimal
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oracle complexity under strong monotonicity, and Section 7 gives explicit bias neighborhoods for cor-
rupted oracles. Section 8 validates the theory on two-stage stochastic variational inequalities and group
sparse learning. Final summaries and future directions are given in Section 9. Appendix A contains the
complete algebraic verification of the telescoping Lyapunov inequalities.

2. PRELIMINARIES

Throughout, H denotes a separable real Hilbert space with inner product (-, -) and norm || - ||. An
operator A : H — 2" is maximally monotone if its graph is monotone and maximal with respect to
inclusion; it is y-strongly monotone (i > 0) if (x — y, u —v) > pljz —yl|? for all (z, u), (y,v) € gra A.
A single-valued operator V' is L-Lipschitz if |Vz — Vy|| < L||x — y|| for all x,y € H. The resolvent
Jya = (Id + AA) ! is firmly nonexpansive, i.e.

1Txaz = Taayll* < llz = yl* = [ (Id = Jaa)a — (1d = Tyl
We shall also need the following classical tool.

Lemma 2.1 (Opial’s lemma). Let {x,,} be a sequence in H such that (i) lim, o ||zn, — x*|| exists for
every z* € S, and (ii) every weak sequential cluster point of {z,} belongs to S. Then x,, — p for some
peES.

Stochastic framework. Let (2, 7, P) be a probability space. At each iteration k the algorithm draws
two independent mini-batches of ii.d. samples: & 1,...,&km, ~ P for the forward step at y, and
5271, ceey f,’%mk ~ P for the forward step at zj. Both batches are independent of the past. The filtration
is defined by

fk = 0(50,15 .. 750,7?10556,17 .. 556,7’)10’ LI agk‘,la .. 7§k,mk’€;<;71’ ... ’51/‘0'77774@)’ (21)
so that /o C F; C ---. An H-valued random variable is Fj,_1-measurable precisely when it depends
only on iterates and samples from iterations 0, ...,k — 1.

Our standing assumption on the stochastic oracle is the following.

Assumption 2.2 (Stochastic oracle). Foreveryx € H: (i) E[V¢(z)] = V (z); (i) E[||Ve(z) — V (z)]]?] <
0?; (i) V is L-Lipschitz. The samples &y, ; and §;m- are i.i.d. with distribution P and independent of Fy_.

Because the first mini-batch is independent of F;_; and yy, is Fj_1-measurable, the estimator

1 &
- NV
Vi mk; )

is conditionally unbiased: E[V}, | Fr—1] = V(yg). Likewise, since the second batch is independent of
(2k, Fr—1), the estimator

1 &
W, = — Ver (zi
Mk Zz; gk,Z( )
satisfies E)Wy, | 2k, Fr—1] = V(2k). Introducing the error terms

e% = Vi — V(yk), ej =Wy — V(zp),

the tower property yields E[ef | Fj_1] = 0, while the independence of the first batch gives Ele] |
Fi—1] = 0. Setting &), := o2 /my, the standard variance bounds follow:

E[llef|? | Feo1] <ok, Elllegll® | Far] <0k Efllef — el | Fooa] <48 (22)
Remark 2.3 (Measurability). In Algorithm 1 below, the vectors zy, pg, Y. are Fi_1-measurable, whereas

2k, Vi, are measurable with respect to Fi,—1 V 0(€k 1, - - -, €kmy )» and 41 is Fj-measurable. Because
the second batch is drawn independently of the first, both error terms are conditionally zero-mean.
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Inequalities. We recall two classical tools. Young’s inequality states that 2(z,y) < ¢||z||* + 71|y
for alle > 0 and z,y € H. The Robbins-Siegmund lemma reads as follows.

Lemma 2.4 (Robbins-Siegmund). Let {uy,},{vn}, {wn}, {7n} be nonnegative F,,-measurable with
Yo < 00 as. and Elunt1 | Fn] < (14 yn)un — vp + wy, as. Then {u,} converges a.s. to a finite
random variable and ) v, < 00 a.s. on {>_ w, < co}.

3. THE DI-SRIFBF ALGORITHM

With the preliminaries in place, we now describe the method. Each iteration of DI-SRIFBF consists
of three conceptual phases: (i) a double inertial extrapolation that builds momentum from the two
most recent iterates; (ii) a stochastic forward-backward step that computes a proximal point using an
independent mini-batch; and (iii) a second stochastic forward evaluation at the proximal point, again
with a fresh independent mini-batch, followed by a relaxed update. The use of two separate batches is
deliberate: it guarantees that the error in the second forward step is conditionally zero-mean, which is
essential for the Robbins—Siegmund argument in Section 4.

Algorithm 1 DI-SRIFBF

1: Choose x_1,29 € H.Setp_1 = x_1.

2: Choose A, > 0, px € (0,2), Bk, vk € [0,1), my, € N.

3: fork=0,1,2,... do

4 pp =)+ Br(TK — Th1)

Yk = Pk + V(P — Pk—1)

Draw ii.d. samples & 1, ..., &km, ~ P independent of F_;.

Vi = s i Ve ()

2k = Ina(Wr — MeVe)

Draw i.id. samples & |, ...,§;, , ~ P independent of the first batch and of 1.
10 W= m%? Yok Ve (2k) {independent batch}

110 g1 = pe(ze — MeOWVk — Vi) + (1 — pr)y
12: end for

Y e 3

Remark 3.1 (Initialization). The initialization p_; = x_; is required because the second inertial step 5
at k = 0 uses pp — p—1. Without this convention yo would depend on an undefined quantity. The same
convention is standard in the deterministic double-inertial literature [25, 23].

Remark 3.2 (Double inertial structure). The extrapolation steps 4-5 can be rewritten in terms of the raw
iterates {xy } as

Y = Tk + [Br + (14 Be)] (@k — Tp—1) — VeBr—1(@p—1 — Th—2)- (3.1)

When 7y, = 0 this reduces to the classical single inertial step yx = x + Bx (2 — xx—1). The additional
term —ygfr_1(Tp—1 — Tkp_2) is a two-step memory correction: it uses the curvature information en-
coded in the difference between the two previous inertial directions. Empirically, this second level of
inertia helps trajectories traverse flat regions and narrow valleys more efficiently than single inertia,
especially when the operator is stiff or the conditioning is poor.

Remark 3.3 (Independent mini-batches and stochastic conditioning). Steps 7 and 10 use two independent
mini-batches. This design is not merely cosmetic: if one reused the same batch for both Vi and W,
then z; would be correlated with the noise in W, and the conditional expectation E[ei | Fr—1] would
fail to vanish. The independence guarantees that EDV}, | zi, Fr—1] = V(21), whence Ee} | Fi—1] =0
by the tower property. This is the crucial ingredient that makes the Robbins-Siegmund argument in
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Lemma 4.7 rigorous without hidden measurability assumptions. The same-sample issue was overlooked
in several early stochastic FBF proposals; correcting it is one of the technical contributions of this paper.

Remark 3.4 (Relaxation and step-size roles). The relaxation parameter p;, € (0,2) in step 11 controls
the weight placed on the FBF correction z; — A (W — Vi) relative to the extrapolated point y;. When
pr = 1 the update is the standard stochastic FBF step; when p € (0, 1) it is an under-relaxation that
can improve stability, and when pj, € (1,2) it is an over-relaxation that often accelerates convergence
in practice. The step size A\j governs the trust-region radius in the resolvent step 8. In Section 4 we
derive explicit restrictions on the pair (A, p) that guarantee convergence for every p € (0, 2).

Remark 3.5 (Relation to existing methods). Algorithm 1 generalizes three existing templates:

(1) Deterministic FBF [24]: obtained by setting 8, = v = 0, mj = 1, and replacing the stochas-
tic estimators by the exact operator V.

(2) SRIFBF [7]: obtained by setting v;, = 0 and using a single mini-batch (though, as noted above,
the same-sample variant requires careful conditioning).

(3) Deterministic double-inertial FBF [25]: obtained by setting mj = 1 and replacing the sto-
chastic estimators by V.

To our knowledge, Algorithm 1 is the first method that combines double inertia with rigorous sto-
chastic conditioning via independent mini-batches.

Remark 3.6 (Computational cost). Each iteration requires two mini-batch forward evaluations (at yy,
and at z) and one resolvent evaluation. The cost is therefore comparable to that of standard stochastic
extragradient or FBF methods: the double inertia adds only vector additions and scalar multiplications,
which are negligible relative to the forward and backward operator evaluations. In the numerical exper-
iments of Section 8 the per-iteration CPU time is approximately 1.5 ms across all compared methods,
confirming that the inertial overhead is not a practical bottleneck.

4. CONVERGENCE ANALYSIS
Throughout this section we work with constant step size and relaxation,

A=A e=pe(0,2), pr=fpg(2—pr) = p(2-p) >0, ﬁ::s%ppk:p<2,

(4.1)
and we impose the explicit, algebraically verifiable restriction

0<)\§)\max :i(\/(l—p)2—|—3(24_p)—‘1—p|> (4-2)

For p = 1 this gives A < v/3/(2L) ~ 0.866/L; for p = 0.8 it gives A < (+/0.94 — 0.2)/L ~ 0.770/L.
The bound is most permissive as p — 0 and strictest as p — 2, which is natural because over-relaxation
near the boundary requires vanishing step sizes. We also define the stochastic error terms

e% = Vk — V(yk), ei = Wk; — V(Zk)

Deterministic and stochastic estimates. We first isolate the contraction properties of the exact FBF
map. The following quasi-nonexpansivity estimate is standard; we include the short proof for com-
pleteness.

Lemma 4.1 (Deterministic FBF quasi-nonexpansivity). Lety € H, z = Jya(y — AV (y)), and x4 =
z—=XNV(z) = V(y)). Then for any x* € S,

lz4 = 2** < lly — 2|1 = (1 = N2L?)]1z — y]*. (43)
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Proof. Since z = Jya(y — AV (y)), we have (y — 2)/A — V(y) € A(z). Because 0 € (A + V)(z*),
monotonicity of A gives

<z s %Z ~V(y) + V(x*)> >0,
ie. (z —ax*,y—2z) > Nz —a*,V(y) — V(z")). Hence
Iz = 2|1 = lly — 21> = Iz = yl* + 2(2 =y, 2 — 27)
= lly 2"l = llz = ylI* = 2y — 2,2 — 2")
< lly = "I =l = yll* = 2Mz = 2", V(y) = V(")) (4.4)

Now
o+ —a*|* = [l = 2*? = 2X(z = 2%, V(2) = V() + N[V (2) = V(»)I* (4.5)
Substituting (4.4) into (4.5) and using (z — x*, V (z) — V(z*)) > 0 (monotonicity of V) yields
g — 22 < [ly — 2|1 = ]2 = 9l = 2X(z — 2", V(2) = V(z")) + N*|[V(2) = V(»)||*
<lly = 2** = (1 = NL?)||z - y||*. O
The stochastic iterates satisfy a similar pointwise inequality, now polluted by the mini-batch errors.
Expanding the update via the three-point identity gives the following fundamental bound.

Lemma 4.2 (Fundamental inequality). For any x* € S, the iterates of Algorithm 1 satisfy
k1 = 2*1* < llye — 21" = p(2 = p) Iz =yl + pA* L[| 2 — yull® + 2p/1 — pIAL| 2, — gl

— 2Xp(yk — ¥, €f, — ef) — 20 (21 — yk, €], — €])

+ 202 0% (V (21) — V(yi), e, — el) + N?p?[|e} — ;. (4.6)
Proof. Write the update as

i1 = (1= p)yi + p(2k — AV (2) = V(yr))) + pAlef, — k).
Set Zp+1 = (1 — p)yr + p(z — AM(V(2) — V(yx))). By the three-point identity,

|Zk41 = 212 =(1 = p)llye — =*[I* + pllze — AV (21) = V (3)) — 2|
—p(1 = p)llzk = yk = AV (zx) = V (wr)I|>- (4.7)
By Lemma 4.1,
2k = AV (2) = V(ye)) = 2" < llye — 2|1 = (1= NL?) |21 — w1*.
Expanding the last term in (4.7) gives
—p(L =)z = ykll* +20(1 = p)A (2t — e, V (21) = V(i) — p(L = p)N?[[V (k) = V () |1

Collecting the ||z, — yi||? contributions and using 2p(1 — p)A 2k — yx, V(21) — V(ye)) < 2p|1 —
p|AL ||z — y||?, we obtain

|Zk1 =211 < llye = 2*11” = p(2 = p)ll2k = ynll* + PN L2 21 — i |* + 2p[1 = p AL 2, — ][> (4.8)

Now add the stochastic error. Since 41 = Zx11 + pA(el — €f),

ket — 272 = [Fas1 — 02 + 20\ s — 27, el — ) + P X2l — €
Using Zgp+1 — 2 = (1 — p)(yx — *) + p(zx — 2*) — pA(V(2x) — V(yx)) and expanding the inner
product, the cross terms decompose into
(1 — p) (g — &€l — €3) + 202 ok — 2 €l — ) — N2 (V (1) — V(). el — ).

Writing 2, — 2* = (2, — yi) + (yx — 2*) and combining with the p?A?||e} — €7 ||? term yields exactly
(4.6). 0
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Inertial bounds. The extrapolation steps introduce memory terms that couple the current iterate to
its history. The following pair of elementary bounds controls this coupling.

Lemma 4.3 (Double inertial bound). Let py and yy, be defined by (3.1). Then for any x* € H,
lyr = 2*[1> <(U+ Be) (1 + ) ek — 212 + Be(L + Br) (1 + o) lzx — 2 ||
+ (L + ) ok — pr—a |- (4.9)
Proof. By definition,
Il — 2|1 = |k — «*[1° + Biller — zr—1 | + 28k (e — 2%, 2 — 1)
Using 2(zy — 2%, 25 — 2_1) < ||ox — 2*||* + ||op — 2x_1]? gives
lpk — &1 < (L + Bi)llwr — 277 + Br(L + Bi) ek — wp—a .
Similarly,

gk — 217 < U+ lpk — 217 + (1 + ) Pk — -1

Substituting the bound for ||p, — z*||? yields (4.9). O
Lemma 4.4 (Bound on ||p, — pr_1]?).

1ok = Pre—1l® < 201+ Br)? ek — ze-1ll® + 287 1 llwk—1 — zp—2ll*. (4.10)
Proof. From py — pr—1 = (1 + Be)(@r — 25_1) — Br_1(2k_1 — Tx_2) and (a + b)? < 2a% + 2. O

Conditional descent. Taking expectation in the fundamental inequality and exploiting the indepen-
dence of the two mini-batches, the cross terms involving e} vanish in conditional mean. What remains
is a clean descent inequality with an explicit variance residual.

Lemma 4.5 (Expected descent). Under Assumption 2.2 and the parameter restrictions (4.1)—(4.2), for
everyx* € S,

p(2 —p)
T E

where C1 = 2A2p2(3 + AL) is an explicit finite constant.

Ell ek — a*|* | Feor] < g — 2|7 ~ (2 = ill® | Frr] + C1éx, (4.11)

Proof. We take conditional expectation E[- | Fj_1] in (4.6). Because yj, and x* are Fj,_1-measurable,
El(yr — ", e — ef) | Fr-1] = (yx — 2", Elef — ], | Fr-1]) = 0, (4.12)

since both errors are conditionally zero-mean by Remark 2.3.
The remaining stochastic terms are

—2Xp* (21 — Yk € — ef) + 2N % (V (2) — V(yk), €5 — efl) + Np° el — e;]*.

Because the second batch is independent of the first, the terms involving e}, vanish in conditional
expectation:

E[(zk — Yk, %) | Fr—1) = E[E[(zk — Yk, €%) | 2es Fr—1] | Fee1] = E[{zx — y&, Elef, | 2x, Fr-1]) | Fr—1] =0,

and similarly E[(V (z) — V(yk), €5) | Fr—1] = 0.
What remains are the terms involving e:

2Xp% (2 — Yk, €fl) — 2N 7 (V (2k) — V() efl) + Np° el — ei]>.
To handle the first two terms, let
Zr = Iaa(ys — AV (yx))



DOUBLE INERTIAL STOCHASTIC RELAXED FORWARD-BACKWARD-FORWARD ALGORITHM 191

be the deterministic resolvent point. By firm nonexpansivity of the resolvent, |z, — ;|| < Al|e}||. Decomposing

2k — Ye = (Zk — yx) + (2x — 2x) and V(zx) — V(yx) = (V(2k) — V(yx)) + (V(21) — V(Z1)), we obtain
2X0% (2 — Yr €)) = 2Xp° (2 — Y €f) + 277 (zk — Zk, €])),
—2X2p*(V (z1,) — V (i), €f) = —=2X?p*(V(z1) — V() ef) — 202 p*(V (2x) — V (21, €1).

The inner products with Zj and V' (Zj,) are conditionally zero-mean because these deterministic quantities depend
only on F_;. For the residual terms we use Cauchy-Schwarz and the Lipschitz property:

2Ap% (2 — Ziy €fl) < 2Xp° ||z — Zillefll < 2X%p|lef |17,
—2X°p*(V(2k) — V(z1), ef) < 2X%p* Lz — z|l|le}l]] < 2X°p°Llje}l||.

Taking conditional expectation and using the variance bounds, the non-vanishing parts contribute at most 2\ p?(1+
AL)0y.

The pure variance term satisfies \?p?E[||e¥, — e} || | Fr—1] < 4\?p?di.

Collecting all deterministic contributions to the ||z, — y||* coefficient, we have

—p(2 = p) + pA’L? + 2p|1 — p|AL.
By the step-size condition (4.2),
3(2 —
A2L2 421 — p|AL < %,

so the net coefficient is at most —p(2 — p)/4 for all p € (0, 2).

The total variance contribution is bounded by

2022 (1 + AL)dy, + 4X2 %6, = 20%p? (3 + AL)6y, =: C1 6. O

Lyapunov analysis. The descent inequality (4.11) is not yet recursive in ||z — 2*||? because the right-
hand side involves y, which carries inertial memory. To absorb this memory we introduce the Lya-
punov function

O, = ||log — 2" + Apllzr — 2e—1]* + Bellpk — pr—1ll’, (4.13)
where Ag = By = 0 and, for k > 1,

oo

A =12 (B; + B2 +72), (4.14)
j=k—1
o0

Bp =12 (v +7]). (4.15)

j=Fk

Because ) fr < oo and >y, < oo, the sequences {Ay} and { By} are well defined, nonnegative,
decreasing, and tend to 0; in particular sup,, A < oo and sup,, By < oo.

We shall assume that the inertial parameters are monotone, which is standard and incurs no loss of
generality: any summable positive sequence can be dominated by a non-increasing summable sequence
(e.g. Br = sup;> (;), and replacing 3, by f31, only strengthens the bounds.

Assumption 4.6 (Monotone inertial parameters). The inertial sequences{ )} and{~y} are non-increasing.

The weights Ay, By, are designed so that the telescoping differences Ay — Ax41 and By — B4
dominate the inertial coefficients appearing in the expected descent. This yields the following Lyapunov
descent.

Lemma 4.7 (Lyapunov descent). Assume Assumption 4.6, Y i, < 00, >y, < 00, and Y 0, < 0.
Then there exist constants « = p(2 — p) /8 > 0 and Cp < oo such that for all k > 0,

E[@pi1 | Fro1] < (1+0k) Pk — aE[||2i — yil|* | Foo1] + Coby + R - 1<k, (4.16)

where 0, = 60k + 47 + 26,% + 27,% satisfies Y |, 0, < oo, Ky is a finite deterministic index, and R > 0 is
a finite constant.
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Proof. All inequalities hold pointwise; we take conditional expectation at the end.
From Lemma 4.5 and Lemma 4.3 we first obtain

Ell|zk 1 — 2 | Fioa] < (040 lan — 27|12 + Be(L + B (1 + ) ok — w1 |2

9 _
+ (L + ) ke — pra [ — p(4p)E[sz — ykll? | Fr1] + Ci6r,
(4.17)
with 0,1 == B + % + B
Next from Algorithm 1 and the elementary bound (a + b)? < 2a? + 2b? applied twice,
Elllek1 — axl® | Faoa] < (49 + 80N LA)E[||zk — yall® | Fro1] + 320* 270,
+48¢|lek — ar—1|* + Dillok — pe-1 ], (4.18)

where we used ¥ — 2 = Bi(Tr — Tr—1) + Ye(Px — Pr_1) and the bound E[|Wy — Vi||? | Fr_1] <
2L2E[||zx — yxl|* | Fr—1] + 8k, which follows from Wy, — Vi, = V(2) — V(yx) + €} — e} and the
Lipschitz property of V.
Similarly, since px11 — pr = (1 + Br+1)(Trr1 — k) — Be(zp — 2—1),
Elllprs1 — prl® | Foo1] < (14 Brs1)*(89% + 16p° N LA)E[ || 21 — yl|* | Fi—1]
+ 64(1 4 Bry1)20* A\26y,
+ (8(1 + Br+1)*Bt + 287) llxw — wp—1|?
+8(1+ Bry1) illpk — pra . (4.19)
Now add Ay 1x(4.18) and By x(4.19) to (4.17). The coefficient of E[||zx — yx | | Fr_1] becomes

2 —
”(4'0) +40%(1 4+ 202 L) Ag 1 + 8p% (1 + 202 L%) (1 + Bry1)? Bry1.

Because { Ay} and { By} decrease to 0, there exists a deterministic index K such that for all k£ > K,
p(2—0p) p(2—p)
A < Bii1 <
ML= 64p2(1 + 202L2) ML= 1282 (1 + 202L2) (1 + Bs)?’

whence the above coefficient is at most —p(2 — p)/8. For k < K, the coefficient is bounded below by
— M, where

9 _
M := P2=p) +4p%(1+ 2X°L?) sup A; + 8p*(1 + 2X\°L?) sup[B;(1 + f3})?] < <.
4 >0 7>0

The total contribution of these early iterations to the Robbins—Siegmund recursion is therefore at most
MK, < oo, which is absorbed into the constant R. Hence there exists & = p(2 — p)/8 such that the
net coefficient is < —a + M - 13, for all £.

The coefficient of ||z — zx_1]|? in the total sum is

C = Be(1 + Bi) (1 + k) + 441187 + Brsr (8(1 + Ber1)?B2 + 287).

Because A1 < Ay and By, < By, and using Sk, v, € [0, 1), we have C,gm) < 68, + 4037 for all
k > 0. From (4.14) and the monotonicity assumption,

Ay = A1 = 12(Be1 + By +7i—1) = 12841 > 1284

Because 6,%_1 = 0o(Bk—1) and '713—1 = 0(Yk—1) as k — oo, there exists K7 such that for all k£ > K7,

Ap — Apy1 > 6061, + 4@9 C(x)
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Therefore (1 + Hl(f))Ak — Apy1 > C,gm) with QI(f) = O(P). For k < K, the deficit (C’liw) — (Ag —
Ak41))+ is bounded by sup; C](z) < oo; summing over k£ < K contributes a finite amount that is

absorbed into R.
Similarly, the coefficient of ||pr — px_1]|? is

C,ip) = e (1 + k) + 4Ap177 + 8Bri1(1 + Brs1) v < dyk + 477
From (4.15),
By, — Bj1 = 12(y, +72) > 4y, + 492 > O

This holds for all £ and all p € (0, 2) by construction of the weights. Thus (1 + Gép))Bk — Bgi1 > C,gp).

Setting 6, = max{@,(cl), HI(f), Gl(cp )} = O(Pk + k) and collecting all residual constants into C'y and
R, we obtain (4.16). O

Almost sure weak convergence. The Lyapunov descent fits the Robbins-Siegmund template, yield-
ing the main convergence result.

Theorem 4.8 (Almost sure weak convergence). Assume Assumption 4.6, Y Br < 00, > < 00,
p € (0,2), X satisfying (4.2), and >, 6, < oo. Then {x)} converges weakly almost surely to an S-valued
random variable.

Proof. Step 1 (Robbins-Siegmund). Lemma 4.7 gives
E[@s41 | Fro1] < (1+ 0p) Pk — oE[|| 26 — yill® | Fre1] + Caby + R - Lk,

Set G, := Fj_1 and Uy := ®;. Then U} is Gi-measurable and the recursion fits Lemma 2.4 with
wi, = Codi, + R - 1<k, . Since > 0, < 0o and ) | wy < 0o, Lemma 2.4 implies that ®; converges a.s.
to a finite random variable and Y ;% o E[||zx — yx||* | Fr—1] < co as.

Step 2 (Vanishing differences). By the conditional Borel-Cantelli lemma,
Algorithm 1,

2k —yk|| = 0a.s. From

k1 = gkl < pllze = yrll + pPAIWE = Vill-

Since E[|| Wy, — Vk|I?] < 2L2E[||2x — yk||?] + 83x and both terms on the right-hand side are summable
(hence tend to 0), we have S" E[||zx11 — yi||?] < 0o, whence ||z111 — yi|| — 0 a.s. Moreover,

Yk — Tk = BTk — xk—1) + WPk — Pr—1) = 0 as,

because B, vx — 0 and ||z — Tk_1
|zp+1 — k]| — 0 as.

Step 3 (Cluster points are solutions). Let x;, — p. Then y;, — p and z;, — p because the
differences vanish. Since z;, = Jya(yx — A\Vg) and V, — V(yx) = ey — 0 (in L hence a.s. along a
subsequence), the strong-to-weak closedness of gra A and the continuity of V imply 0 € (4 + V')(p),
ie.pesS.

Step 4 (Opial). Convergence of @ implies limy_, » ||z —2*||* exists for each z* € S. By Lemma 2.1,
x}, converges weakly a.s. to a point in S. g

Pk — Pk—1]| are bounded (from convergence of ®). Hence

5

*H2

5. RATE oF CONVERGENCE

The Robbins-Siegmund argument in Theorem 4.8 guarantees that the series > 2 E[||z; — il
converges. This summability alone does not yield a quantitative rate, but a standard Cesaro argument
converts the /!-bound into an explicit O(1/k) estimate for the best-observed residual. The same device
applies to the iterate differences once the mini-batch variance decays sufficiently fast.
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Theorem 5.1 (Rate for discrete velocity). Under the conditions of Theorem 4.8,

E[ inf |z — sl } < k+1(¢>0+20¢5 +RK0) — O(1/k). (5.1)

0<5<k
If the batch sizes are chosen so that §; = O(1/j%), then the iterate differences satisfy
E[ inf [|o;1 — o } O(1/k). (5.2)
0<5<
Proof. From the Lyapunov descent (4.16) we have, for every j > 0,
aBllzj — yi* | Fjo1] < (1+0;)@; — E[@j11 | Fja] + Cadj + R+ Lj<r,-

Taking full expectation and telescoping from j = 0 to k gives

k

k k
@Y Efl|z —y;)%] < @0+ > GE@;] + Y Cad; + REo.
J=0 J=0 §=0

Because ®; converges a.s. to a finite limit (Theorem 4.8, Step 1) and ) #; < oo, the middle term
is bounded independently of k. Hence there exists a constant M := &g + (sup; E[®;]) 3272, 0; +
Zjoio Cp0; + RK( < oo such that

M
ZE[HZJ - yjHQ} < o for all k.

Since the infimum over j < k is bounded by the average,

E

M
. a2 — T ——
=gl ) £ g Bl -l < Gy

which is exactly (5.1).
For the iterate differences, recall from Algorithm 1 that

Tipr — x5 = (21 —yi) + (W —x5), =y = p(z5 —yy) — pAOWV; = V),
and y; — zj = Bj(x; — zj—1) +v;(pj — pj—1). Using (a + b)? < 2a® + 2b* twice,
g1 — 2517 < 4p%(125 — yyll* + 4p° N2 (PDWV; = VyII° + 2lly; — a5
< 4p%(|z5 — y;|1* + 40 NW; = Vi|1P + 467 |1z — -1 |P + 493 llps — pi-1ll*.

Taking expectation and using E[|W; —V;||?] < 2L2E[||z; — y;||*] +80; together with the boundedness
of E[||z; — zj_1||*] and E[||p; — pj—1/|?] (which follows from the convergence of ®;), we obtain

Elllzj41 — 4]1*] < C2E[llz — y;[1*] + Cs65 + Ca(B5 +77)
for suitable explicit constants C'y, C3, Cy. Summing from j = 0 to &,

k

k k k
S Elllrjar — 2502 < Co Y Elllz -yl + Cs Y85+ Ca > (B2 +42).
j=0

J=0 J=0 J=0

Under the hypothesis ; = O(1/;2), the series > §; converges; likewise Z(BJQ + 7]2) < 00 because
Bj,~y;j are summable. Hence the right-hand side is bounded independently of k, and the Cesaro argu-
ment yields (5.2). O
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Remark 5.2 (Interpretation of the O(1/k) rate). The rate (5.1) is stated for the best residual observed up
to iteration k, which is the standard object of study in stochastic monotone inclusion literature because
the residual ||zx — y|| need not decrease monotonically. The O(1/k) scaling for the squared residual
is the standard rate for first-order methods on merely monotone problems under summable variance.

Remark 5.3 (Role of the batch schedule). The condition §; = O(1/52), i.e. m; = Q(j?), is needed only
for the iterate-difference rate (5.2). The fundamental residual rate (5.1) holds as soon as ) J; < oo,
which is already assumed in Theorem 4.8. In practice one often uses m; oc j* with a > 1 or geometric
growth; both satisfy the summability requirement.

Remark 5.4 (Comparison with deterministic double inertia). In the deterministic setting (6; = 0, exact
oracle), the same Lyapunov argument yields > 2% [|z; —y; |2 < oo, whence ||z, — yx||?> = o(1/k). The
stochastic rate O(1/k) is therefore optimal up to constants: the mini-batch noise prevents the faster
0(1/k) decay enjoyed by exact methods. This mirrors the well-known gap between deterministic and
stochastic optimization rates.

6. STRONGLY MONOTONE CASE

Assumption 6.1 (Strong monotonicity). A + V is u-strongly monotone: for all x,y € dom A and all
ue(A+V)(z),ve(A+V)(y),
(u—v,x—y) > plle -yl
Under Assumption 6.1, S = {z*} is a singleton.

Lemma 6.2 (Strongly monotone descent). Let Assumption 6.1 hold and let p € (0, 2). Choose \ satisfying
(4.2) and the additional bound

2 —
N2L2 4 2|1 — p|AL + 22 < Tp. (6.1)

Then there exist constants ) = pAp/2 € (0,1) and Cy > 0 such that

p(2 — p)E[
2

Proof. We return to the expansion in the proof of Lemma 4.2. Because A+ V is strongly monotone and
(y — 26) /A — Vi + V(2x) € (A+ V)(2k), we have

Efl|zper — 2*[* | Foor] < (1= pA)llyn — 2*[|* — 12 = il® | Fioa] + Crdp. (6:2)

« Yk — Zk *
<zk—x Y 3 —Vk+V(zk)> > pllzn — 2.
Since Vi, = V(yx) + €, this reads
(zk — 2, i — 21) > Az — 2¥|* 4+ Az — 2%, €l). (6.3)

Now, in the identity
20(yk — =%, 2k — yk) = —2pllzk — yill® + 2p(zk — 2%, 26 — i),
we use (6.3) to obtain

20(ye — %, 26 — yi) < —2pll2e — ykll* = 2pAullze — 2F))* — 20\ (2 — 2%, €).
2

s

Because ||z, — 2*[|? > %Hyk —a*[* = |2k —

—2pAplz — 2*[1* < —pAullye — 27|17 + 2l 2k — wil*. (6.4)

Inserting (6.4) into the fundamental expansion and tracking the deterministic coefficients, the net co-
efficient of || zx — yx||? becomes

—p(2 = p) + pA2L? + 2p|1 — p|AL + 2pApu.
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By the joint step-size condition (6.1), this is at most —p(2 — p)/2. The stochastic terms are handled ex-
actly as in Lemma 4.5: the (y, — z*, €] — e}) term vanishes in conditional expectation, while the
remaining error terms are bounded by the same argument, contributing at most C1d), with C; =
202p?(3 + AL). The contraction —pAu||yx — z*||? yields the factor (1 — pAp) in (6.2). O

Theorem 6.3 (Linear convergence). Under Assumption 6.1, let By, vy be summable, p € (0,2), and
myy1 = [Tmy] for somer > (1 —n/2)~! wheren = pAu/2. Then

E[||lzy — 2*||*] < Co(1 —n/2)*  for all large k, (6.5)

and the oracle complexity to reach E[||z), — z*||?] < ¢ is O(1/¢) when 7 = (1 — n/2)~L. Fort >
(1 —n/2)7Y, the complexity is O((1/e)e™/ log(l/(l_”p))).

Proof. From Lemma 6.2, the descent inequality for ||z 1 — *||? contains the contraction factor (1 —
pAp) on |lyr — x*||%. To pass this contraction to the Lyapunov function, we use the upper bound from
Lemma 4.3 to write

gk — 2|1 < (14 Be) (1 + ) g, — 212
+ Be(1+ Bo) (1 + ve) ok — zi—1]* + (1 + v&) ok — pr—1l*.
Therefore
El|lzpr1 — ) | Froa] < (1= pAu)(1+ Be) (1 + ) lzn, — 2|12

+ (1 — pA)Br(1 + Br) (14 ) |z — w12
+ (1= pAw) (1 + 1) llpke — pr—1l?

2 — N
- MEH% —yell? | Fr1] + C10%.

The inertial terms are dominated by the Lyapunov weights Ay, By, exactly as in Lemma 4.7, because
their coefficients are multiplied by the factor (1—pAu) < 1 and are therefore smaller than in the merely
monotone case. The coefficient of |z — 2*||? is (1 — pAu)(1 + Br)(1 + 7x). Since Bk, 7 — 0, there
exists a finite index K5 such that for all &k > K>,

1 — pAp/2
1— pAu
Hence, following the same Lyapunov construction as in Lemma 4.7 but now with the additional con-

traction on ||z — z*||%, we obtain for all £ > max{Ky, K1, K2}:

E[®py1 | Fro1] < (1= 1)k + Cody,

pAR

(L4 Br) (1 + ) < . whence  (1—pA)(L+ B)(1+m) S1- =11

where C'g < 00 is an explicit constant that collects the variance residuals from the inertial differences
(cf. Lemma 4.7). Iterating this inequality and using 7~ < 1—7/2 to control the geometrically decaying
variance yields E[®;] = O((1 — 1/2)¥), whence E[||zx — z*||?] = O((1 —n/2)").

For the oracle complexity with 7 = (1—7/2) ™!, the total oracle calls after k iterations are Z?:o mj =
O(t%) = O((1 — n/2)7%). Since the error decays as (1 — 1/2)¥, reaching accuracy ¢ requires k =
O(log(1/¢)) iterations and O((1 — n/2)~%) = O(1/¢) oracle calls. For 7 > (1 — n/2)~!, the same
calculation gives the stated polynomial complexity. g

7. HANDLING B1ASED ORACLES

In many practical pipelines the stochastic oracle is not perfectly unbiased. Compression, quantiza-
tion, surrogate modeling, finite-difference approximations, or systematic measurement errors all intro-
duce a bounded bias b(x) into the gradient estimate. Driggs et al. [8] have highlighted that ignoring
such bias can prevent convergence to the exact solution and may produce spurious limit cycles. This
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section extends our analysis to oracles with bounded bias, deriving explicit non-asymptotic bounds
that track the exact dependence on the bias magnitude B, the strong-monotonicity constant y, and the
algorithmic parameters (\, p).
Biased oracle model. We replace Assumption 2.2 by the following perturbed version.
Assumption 7.1 (Biased oracle). The oracle returns ffg(:v) with

E[Ve(2)] =V(2) +bx),  [b@)ll<B,  E[|Ve(z) - V(2)]?] < o,
forallx € H, where B > 0 is a uniform bias bound.

The bias b(x) is deterministic (or at least Fj_1-measurable) and need not vanish at the solution; this
is precisely what makes it problematic. The variance bound o2 is assumed unchanged, which is realistic

when bias is introduced by a deterministic perturbation (e.g., rounding or compression) applied to a

stochastic estimator with original variance o2.

Error decomposition. With the biased oracle, the mini-batch estimators become
1 mg 1 mg
)}kzi f/ Yk szi V/V(Zk).
m ; &k, ( )a m ; i

We decompose the total error into an unbiased stochastic part and a deterministic bias part:

& =Ve = V(yk) = Ve —EVk | Feoa] + blu)

:;ez bias at yy,

and similarly
éz =W, — V(Zk) = 62 + b(Zk)
Because the two mini-batches are independent, the unbiased parts e} and e} satisfy exactly the same

conditional zero-mean properties and variance bounds as in Section 4. The bias terms, however, do not
vanish in expectation. Their difference satisfies

e, — exll* < 2llef — eill® + 2/1b(yr) — b(ze)|I* < 2llef — ef]|* + 852,
whence, taking conditional expectation and using (2.2),
Elll& — &2 | Fi_1] < 46; + B2, (71)
The additive 8 B2 term is the fundamental price of bias: even as the batch size grows and 6, — 0, the

variance of the difference &} — €; remains bounded away from zero by 8 B 2,

Biased descent inequality. Under strong monotonicity, the contraction from Lemma 6.2 is partially
offset by the bias. The following lemma quantifies this trade-off with explicit constants.

Lemma 7.2 (Expected descent with bias). Under Assumptions 6.1 and 7.1, with p € (0,2) and X satisfy-
ing (4.2) and (6.1), the iterates satisfy

x A . 2—
Elloies — 2| Fict) < (1= 220 s — 212~ P2 Py — gl | 7o

+ C165, + CoB?, (7.2)

where

~ 16Mp N 32X2p3(1 + AL)?

él = 2)\2p2(3 + AL), ég
p 2—p

+ 8)\2p2.
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Proof. We return to the fundamental expansion underlying Lemma 6.2 and track the bias contributions
explicitly. The stochastic cross terms now have conditional mean involving b(yy) — b(z) instead of
zero. We bound each bias-induced inner product by Young’s inequality, absorbing the contraction loss
into the existing strong-monotonicity term.

Bias in the y, — x* inner product. The term 2\p(yy, —x*, €; — €} splits into an unbiased part (handled
exactly as in Lemma 4.5) and a bias part

2Xp(yr — 27, b(yr) — b(zk))-
By Young’s inequality with e = n/4,

\ A cig AN
200 = " blyk) = () < S e — 2P = k) = bar)

Since ||b(yx) — b(zr)|l < [|b(y)|| + ||b(21)|| < 2B, we have ||b(yx) — b(zx)||? < 4B?, and the second
term is at most 16Ap B2/ .

Bias in the zj, — yj, and V. inner products. The terms —2Ap* (2, — yi, €5 — €y) and 2X2p? (V (2x) —
V(yk), €; — €}) contribute bias parts

220\ zk — wrll16(yk) — b(zi) || + 22202V (21) — V (wi) 1[1b(25) — by
Using [|b(yx) — b(2x)|| < 2B and ||V (z) — V(yx)|| < Lz — i
40p*B(1+ AL)||2, =yl

, the combined bound is

By Young’s inequality with e = p(2 — p)/4,

(2-p)

3202p3(1 + A\L)2B?
DPB(1 AL - il < 25 PUEALE

2—p

2k — yil|* +

Pure variance term. From (7.1),
NpE[||&] — &)1 | Froa] < 4N*p%0) + 8X*p* B2,
Unbiased stochastic terms. The terms involving ez and e}, (without bias) are bounded exactly as in

Lemma 4.5, contributing C’l 0.
Collecting all bias contributions, the total additive bias term is

16 \pB? N 32X2p3(1 + AL)?B?
% 2-p
The contraction coefficient of ||y — *||? is reduced from 1 — uAp to 1 — uAp/2 because we absorbed

a factor of uAp/4 into the bias bound. The coefficient of E[||z; — yx||?] remains —p(2 — p)/8 because
the bias-induced Young term exactly matches the amount needed for absorption. This yields (7.2).

+8X*p*B* = (,B”.

Convergence to a bias neighborhood. Iterating the biased descent inequality in the Lyapunov frame-
work shows that the iterates converge not to the exact solution, but to an explicit neighborhood whose
radius scales as O(B?/p?).

Theorem 7.3 (Convergence with biased oracles). Under Assumptions 6.1 and 7.1, with geometric batch
growthmy 1 = [tmy] and T > (1 — 1)~ wheren = up/2,
2CoB% (32 64Mp*(1+AL)? | 16A
timsup [ — o2 < 220 - (32 BACULEALY | 100) o
k300 BAp I (2 —p) I

Proof. Passing to the Lyapunov function @y as in Lemma 4.7 (with the same weights Ay, By) and using
Lemma 7.2 instead of Lemma 6.2, we obtain the recursion

E[®41] < (1 — n)E[®] + C10;, + Co B2

(7.3)
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Iterating this linear inequality from £ = 0 to K — 1 gives

K-1 K-1
E[®k] < (1- n)K‘I)O +Cy Z (1-— n)K_l_j5j + Cy,B? Z (1-— n)K_l_j.
Jj=0 j=0

The first term vanishes as K — oo because 1 — 7 < 1. The second term is a convolution of the
geometrically decaying sequence (1 — 1)’ with the geometrically decaying sequence §; = O(7 7).
Since 7-! < 1 — 1 by hypothesis, the convolution sum is O((1 — 1)¥) and therefore also vanishes as
K — oo. The third term is a partial geometric series:

(1 - U)K 62B2 _ QCQBZ
" K—oo 1) pAp

- K-l ) - 1—
CB? Y (1—n)K17 = C,B?
j=0

Because ®r > |lzx — 2*||% this yields (7.3). The explicit expansion of the constant follows from
substituting C'. 0

Remark 7.4 (Exact recovery when B = (). When B = 0, Theorem 7.3 reduces to Theorem 6.3: the
neighborhood radius vanishes and linear convergence is recovered. The constant 2C5/(uAp) is contin-
uous in B at B = 0, so arbitrarily small bias produces arbitrarily small asymptotic error.

Remark 7.5 (Scaling with strong monotonicity). The asymptotic neighborhood scales as O(B?/1?), as
can be seen from the dominant term 3282 /2 in (7.3). This quadratic dependence on 1/ is typical for
biased gradient methods: stronger monotonicity (larger p) shrinks the neighborhood more aggressively
than linearly because it provides both stronger contraction and a smaller Young-inequality penalty.
The dependence on B is quadratic because the bias enters through inner products that are bounded by
Young’s inequality, producing B? terms.

Remark 7.6 (Comparison with unbiased variance). The bias term C5 B2 in (7.2) is constant and does not
decay with the batch size. By contrast, the variance term C'Jj, can be driven to zero by growing my.
This fundamental asymmetry means that no amount of sampling can overcome a deterministic bias:
the iterates always settle into an O(B? /%) neighborhood, and the only remedy is to reduce B (e.g.,
by using finer discretization, less aggressive compression, or debiasing techniques). This observation
is consistent with the lower bounds of Driggs et al. [8] for biased stochastic gradient descent.

Remark 7.7 (Practical implications). For a given accuracy target €, Theorem 7.3 gives a maximum tol-
erable bias

W
Brax & ——+ve = 0.177 pv/e.

If the physical oracle has bias B > Biax, then no choice of batch size or iteration count can achieve
E[||zr — 2*||?] < &; one must first improve the oracle (e.g., switch to a higher-fidelity surrogate or
reduce quantization precision). This provides an actionable engineering guideline: the bias-to-noise
ratio should satisfy B/o < p+/e/o for the unbiased variance reduction to be effective.

8. NUMERICAL EXPERIMENTS

We evaluate DI-SRIFBF on two representative tasks: a two-stage stochastic variational inequality
from multi-agent capacity expansion, and a group sparse learning problem via the composite absolute
penalty (CAP) formulation. All experiments were run in MATLAB R2023b on a workstation with an Intel
Core i7-12700H (2.3-4.7 GHz) and 16 GB RAM. Every statistic reported below is the mean and standard
deviation over 20 independent Monte Carlo runs with freshly drawn random seeds. Algorithms are
compared on a fixed budget of oracle evaluations or iterations, and we record the best-observed residual
or relative error.
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8.1. Two-stage stochastic variational inequality. We adopt the N-firm capacity expansion model
of Rockafellar and Wets [22]. Each firm ¢ € {1,..., N} chooses a capacity expansion x; € R ; total
cost combines investment, operation, and a recourse penalty for unsatisfied demand. The deterministic
operator is V (r) = Mx + q with M € RV*" and ¢ € RY, while a stochastic perturbation V¢ injects
multiplicative noise calibrated so that the effective Lipschitz constant is L. We fix N = 10, interest
rate 7 = 0.1, demand shock scale d = 1, and sweep Ly € {10',102, 103,10} to stress-test scalability
across condition numbers. In the strongly monotone regime we add a quadratic regularizer %HSEHQ with
u=0.1

DI-SRIFBF is configured with constant relaxation p; = p (0 = 0.8 in the merely monotone case,
p = 0.85 under strong monotonicity), step size A = 1/(4Ly ), inertial parameters f; = 0.1/(k +
)% and v, = 0.05/(k + 1)'!, and mini-batch sizes my = |(k + 1):°!| (monotone) or geometric
growth my, = [1.01¥] (strongly monotone). For comparison we include SFBF (Cui et al. [7]) with its
prescribed single-inertia schedule and adaptive relaxation, and vanilla SFB with diminishing step size

A = 1/(Ly vk + 1) and unit batch m;, = 1.

Merely monotone and strongly monotone results. Table 1 collects residual errors ||z — Jya(zx —
AV (z))|| after exactly 20,000 oracle calls in the merely monotone setting. DI-SRIFBF consistently
attains the lowest residual, improving upon SFBF by factors of 3x to 9x and upon SFB by roughly two
orders of magnitude. The standard deviation is also smallest for DI-SRIFBF, indicating that the double
inertial steps stabilize the trajectory against mini-batch noise.

TABLE 1. Residual errors on two-stage SVI (merely monotone) after 20,000 oracle calls.
Mean =+ standard deviation over 20 runs

Ly DI-SRIFBF SFBF SFB
100 [1.8x107%+£21x10° 1.6x10°+24x107* 53x1072+4.2x 1073
102122%x107%44+23%x10° 1.9x103+21x10% 6.1x10"2+5.1x1073
103 |56 x1074+48x10° 22x103+23x107% 7.6x1072+6.3 x 1073
104 22%x103+21x107% 59x102+52x107* 94x1072+78x 1073

Figure 1 shows the corresponding convergence trajectories. The double inertial steps yield a visibly
steeper initial descent: DI-SRIFBF reaches 10~ accuracy after roughly 5,000 oracle calls, whereas SFBF
needs 12,000-15,000 calls. SFB plateaus early because its unit mini-batch cannot suppress variance
efficiently. As Ly increases all methods slow, yet the relative ordering is preserved.

Adding strong convexity with y = 0.1 changes the landscape dramatically. Because the solution
is now unique, geometric batch growth activates the linear rate predicted by Theorem 6.3. Table 2
confirms this: DI-SRIFBF reaches 10~5-10° accuracy, outperforming SFBF by one order of magnitude
and SFB by four orders. Figure 2 plots the trajectories on a semilog scale; the near-linear slope of DI-
SRIFBF is consistent with the theoretical linear rate, while competing methods improve over the merely
monotone case but remain visibly slower.

TaBLE 2. Residual errors on two-stage SVI (1 = 0.1, strongly monotone) after 20,000
oracle calls. Mean =+ standard deviation over 20 runs

Ly DI-SRIFBF SFBF SFB
100 [1.2%x107%+1.3x1077 1.5x10°+21x107% 29x1072+3.1x 1073
102 129%x1064+32x1077 36x10°+43x107% 41x102+42x1073
103 3.6x10%+4.1x1077 56x10°+6.1x107% 55x1072+54x 1073
104 1.1x10°%+1.2%x10% 74x10°+82x%x107% 6.0x1072+5.9x 1073
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Two-Stage Stochastic Variational Inequality (Merely Monotone)
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Ficure 1. Convergence trajectories for the merely monotone two-stage SVI. Each
panel corresponds to a different Lipschitz constant Ly,. Shaded bands indicate +-1 stan-
dard deviation over 20 runs

Parameter sensitivity and oracle complexity. Robustness is assessed on the Ly = 10? merely
monotone instance by fixing constant inertial pairs (8, vx) = (5,7) and recording the final residual
after 20,000 oracle calls. Figure 3 presents the resulting heatmap. The algorithm remains stable in a
broad basin around (0.1, 0.05), with gradual degradation as either parameter grows. When 542+ > 0.6
the method diverges (marked “DIV”), confirming that the summability condition in Assumption 4.6 is
not merely technical but necessary for stability. The heatmap validates our default choice as near-
optimal.

On the strongly monotone instance with Ly, = 102, we measure the total oracle cost to drive the
expected residual below £ = 106, DI-SRIFBF achieves this in 8,420 4 380 calls, SFBF in 15,100 + 920,
and SFB fails to reach the target within 50,000 calls. The DI-SRIFBF count aligns with the O(1/¢)
prediction of Theorem 6.3 when 7 = (1 — 1/2)~!: with n = pAu/2 ~ 0.0106, the error decays as
(1 — n/2)*, so reaching 107° requires roughly & ~ 1,300 iterations; the cumulative batch size with
T =2 1.0053 is approximately 8,500.

Regarding the step-size bounds: for p = 0.8, the weak-convergence restriction (4.2) gives A <
0.770/ Ly, so our choice A = 0.25/ Ly satisfies it with a 68% margin. The strong-monotonicity joint
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Two-Stage SVI (i1 =0.1, Strongly Monotone)
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FiGURE 2. Convergence trajectories for the strongly monotone two-stage SVI (4 =
0.1). Geometric batch growth m;, = [1.01*] is used for DI-SRIFBF and SFBF

bound (6.1) demands A < 0.62/Ly when Ly = 102 and p = 0.1, which our choice also satisfies
comfortably. For larger condition numbers the joint bound becomes more restrictive; nevertheless the
experiments remain stable and converge faster than the conservative theory predicts in some regimes,
because the sufficient conditions are derived via worst-case Young-inequality bounds. Closing this gap
through sharper analysis or adaptive step-size rules is an interesting direction for future work.

8.2. Group sparse learning. We next solve the composite absolute penalty (CAP) regression problem
of Zhao, Rocha and Yu [26] with d = 82 variables partitioned into 10 overlapping groups of size 10
(adjacent groups share two coordinates). The true parameter z is nonzero only in groups 4 and 5
(indices 31-50). The design matrix A € R?%0%82 has i.i.d. A(0, 1) entries with normalized columns;
observations are b = Az" 4 o¢ with ¢ = 0.01 and € ~ A(0, I). The objective is

1 L A

. 2 2 2

1, 5140 = 0+ 0 3 ol + e

with Ay = 0.1 and A = 0.01. This fits template (1.1) with A = d(A\1 3, | - [[2) and V'(z) = AT (Az —
b) + A2z, and is strongly monotone with y = Ay + O'min(ATA) ~ 0.15.
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Parameter Sensitivity: Final Residual on SVI (L, =10?)
after 20,000 Oracle Calls

- 100
0.000 -  2.4e-04 2.3e-04 2.1e-04 2.3e-04 2.6e-04 3.7e-04
€ 0.025- 2.3e-04 2.3e-04 2.4e-04 2.3e-04 2.7e-04 3.7e-04 -10-1
8 -
[%2]
c
o
) .
& 0.050 - 2.4e-04 2.1e-04 2.2e-04 2.3e-04 2.8e-04 3.9e-04 g
a w
2T
£ .. B
© 0.100 - 2.4e-04 2.2e-04 2.4e-04 2.7e-04 D é
©
o
©
t
g = Nem‘... .
- -===---.
1074

0.00 0.05 0.10 0.20 0.30 0.50

Inertial parameter B (constant)

FIGURE 3. Parameter sensitivity on the two-stage SVI with Ly, = 10? (merely mono-
tone). Final residual after 20,000 oracle calls for constant inertial pairs (3, ). “DIV”
indicates divergence

DI-SRIFBF uses (), = 0.85/(k + )11, 4 = 0.4/(k + 1)1'L, pp, = 0.9, X\ = 1/(4Ly) with Ly =
|ATAlla + A2 = 2.3, and my, = [(k + 1)1 /10]. We compare against SFBF with single inertia o, =
0.5/(k + 1)*! and the SEG variant of usem et al. [14] equipped with SVRG-style variance reduction
(epoch length 50).

Table 3 reports the relative error ||z, —%|| /|| %|| at selected iterations. DI-SRIFBF achieves a 3x ~10x
accuracy improvement in early iterations and maintains the lead throughout. After 2,000 iterations all
methods have identified the correct support, yet DI-SRIFBF attains lower reconstruction error because
the double inertia navigates the nonsmooth group-penalty landscape more aggressively.

TaBLE 3. Relative error ||z}, — z7||/||z?|| on the CAP problem (mean over 20 runs)

Iteration | DI-SRIFBF SFBF SEG
400 42x107% 46x1073 4.7x1073
800 81x107°% 1.1x103 15x1073
1200 [ 6.0x107% 24x10~* 24x10~*
1600 [52x10°°% 20x10"* 1.9x10°*
2000 |4.6x107% 1.6x107* 1.5x10°*

Figure 4 plots the full trajectories. DI-SRIFBF drops below 10~* after roughly 700 iterations, whereas

SFBF and SEG require 1,100-1,300. The advantage is most pronounced in the transient phase (£ < 800),
where the second inertial step provides additional momentum to escape the high-bias initial region.

Figure 5 visualizes the recovered parameter vectors after 2,000 iterations. DI-SRIFBF almost per-
fectly recovers the true support with minimal leakage into inactive groups, while SFBF and SEG exhibit
slightly more pronounced spurious oscillations in the zero groups, consistent with their higher relative
error.
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Lot Group Sparse Learning (CAP Problem): Convergence Trajectories
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FIGURE 4. Convergence trajectories for the CAP group sparse learning problem. Mark-
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FIGURE 5. Group recovery after 2,000 iterations. The green shaded region marks the
true support (groups 4-5)

8.3. Computational efficiency and summary. Figure 6 compares CPU time. Per-iteration cost is
comparable across methods (= 1.5 ms) because the dominant expense is the mini-batch forward evalu-
ation and all algorithms use identical batch sizes. However, total time to reach a target accuracy differs
dramatically: DI-SRIFBF reaches ¢ = 10~ on the strongly monotone SVI (Ly, = 10?) in 12.8 sec-
onds, versus 22.4 seconds for SFBF and 65.2 seconds for SFB. The saving is entirely due to the faster
convergence rate (fewer effective iterations), not to cheaper iterations.

These experiments support three conclusions. First, double inertial steps yield consistent accelera-
tion across problem structures—monotone SVI, strongly monotone SVI, and nonsmooth group sparse
learning—and across a wide range of condition numbers. Second, the algorithm is robust to parameter
choices within a broad basin around the theoretically suggested decay rates Sy, v ~ k~'!. Third,
practical performance exceeds the conservative worst-case theory in some regimes, suggesting room
for sharper analysis or adaptive parameter tuning.
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FIGURE 6. Left: CPU time per iteration. Right: Total oracle cost to reach ¢ = 10~%
on the strongly monotone SVI (Ly, = 102). The red dashed line marks the O(1/¢)
theoretical prediction

9. CONCLUSION

We have introduced and analyzed the double inertial stochastic relaxed forward-backward-forward
(DI-SRIFBF) algorithm for monotone inclusions in Hilbert spaces. The method combines two sequential
inertial extrapolation steps with a stochastic FBF core that uses independent mini-batches at each for-
ward evaluation. This design addresses a subtle but fundamental gap in the existing literature: reusing
the same mini-batch for both forward steps introduces a correlation between the proximal point and
the stochastic noise, which invalidates the conditional zero-mean property required by the Robbins—
Siegmund lemma. By drawing fresh independent samples, we obtain a stochastic conditioning that
holds without hidden measurability assumptions.

Summary of contributions. Our theoretical analysis delivers four concrete guarantees. First, under
explicit and algebraically verifiable step-size restrictions—most notably the closed-form bound

A< LN (VA= p)2+32—p)/a—1-p)),

which is valid for every relaxation parameter p € (0, 2)—we prove almost-sure weak convergence when
the inertial parameters and mini-batch variances are summable. Second, we establish an O(1/k) rate
for the discrete velocity via a standard Cesaro argument applied to the Lyapunov descent. Third, under
strong monotonicity with geometrically growing batch sizes, we obtain linear convergence; choosing
the growth factor 7 = (1 —1/2)~! yields an O(1/¢) oracle complexity, while larger  gives a polyno-
mial complexity with exponent log 7/log(1/(1 — 1/2)). Fourth, for biased oracles with uniform bias
bound B, we derive a non-asymptotic limit theorem showing that the iterates settle into an O (B2 /%)
neighborhood of the unique solution, with all constants tracked exactly. The Lyapunov function &y
with recursively defined weights Ay, By, is the technical vehicle that absorbs the cross-correlations
generated by the double inertial step; the uniform choice 12 in the tail-sum definitions ensures that the
telescoping inequalities hold for all p € (0, 2) without case distinctions.

Theory versus practice. A recurring theme in our numerical experiments is that the theoretical suf-
ficient conditions are conservative. The step-size bound (4.2) permits A ~ 0.77/L at p = 0.8, while
the strong-monotonicity joint condition (6.1) demands a much smaller value when p < L. In practice
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the algorithm remains stable and converges rapidly with A = 1/(4L), even when this choice formally
violates the sufficient condition for very large L. This discrepancy is expected: our bounds are derived
via worst-case Young-inequality estimates that do not exploit problem-specific structure. Closing this
gap—either through sharper analysis (e.g., exploiting expected cocoercivity or relative smoothness) or
through adaptive step-size rules that do not require prior knowledge of L and p—is an important di-
rection for future work.

Future directions. Several extensions are natural. Adaptive parameters: replacing the constant A and
p by online estimates of the local Lipschitz constant or strong-monotonicity modulus would elimi-
nate the need for conservative worst-case bounds. Non-monotone settings: the double inertial step
may accelerate convergence even for non-monotone or quasi-monotone operators, as suggested by the
deterministic work of Wang et al. [25], but the stochastic analysis would require new tools (e.g., the
Kurdyka-Lojasiewicz inequality or the expected cocoercivity framework of Gorbunov et al. [11]). Vari-
ance reduction: combining DI-SRIFBF with SVRG-style or SAGA-style variance reduction could improve
the oracle complexity in the merely monotone regime from O(1/¢'7?) to O(1/¢) without requiring
strong monotonicity. Distributed and federated settings: the independent mini-batch structure is well
suited to distributed architectures where different workers sample different data shards; extending the
analysis to handle heterogeneous data distributions and communication compression would broaden
the practical impact. Finally, continuous-time limits: deriving the ODE limit of DI-SRIFBF as the step
size tends to zero could provide additional intuition for the role of the second inertial step and guide
the design of adaptive damping strategies.

APPENDIX A. COMPLETE LYAPUNOV VERIFICATION

For the reader’s convenience, we provide the complete algebraic verification that the weights { Ax},
{By} defined by (4.14)—(4.15) satisfy the telescoping inequalities used in Lemma 4.7.

Notation. Set Ay := E[||zx — vll? | Fro1l, ur = |lzx — zp_1]% vk == ||px — pr_1]/? and 7 :=
E[||lzxr1 — 2% | Fr_1]. From (4.18) and (4.19),
e < (4p° + 8p° N2 L) Ay + 4B7us, + 4yivy, + 3202 \26y, (A.1)

sk = E[||prr1 — prl1* | Fr-1]
< (1+ Bre1)2(80% + 169 N2 L) Ag + (8(1 + Bry1)2BE + 287)ur + 8(1 + Bry1)*vius
+64(1 + Bry1)2p* N2y (A.2)
Coeflicient of Ay. In E[® 1 | F—1], the coefficient of A, is

2 —
”(4'0) +40%(1 4+ 2X2L3) A1 + 8p* (1 + 202 L%) (1 + Bry1)? Bryr.

Because { Ay} and { By} are decreasing and tend to 0, there exists K such that for all £ > K,
A < P2=p) p(2 —p)
ML= 64p2(1 + 202L2) 12802(1 + 2X2L2) (1 + Bip1 )2’

whence the above coefficient is at most —p(2 — p)/8. For k < K, the coefficient is bounded below by
— M, where

By <

2 —
M = p<4p) +4p* (1 +2X*L?) sup A; + 8p*(1 + 2A*L?) sup B, (1 + B;)?] < cc.
Jj=0 Jj=20

The total contribution of these early iterations to the Robbins—Siegmund recursion is therefore at most
MK, < oo, which is absorbed into the constant R. Hence there exists & = p(2 — p)/8 such that the



DOUBLE INERTIAL STOCHASTIC RELAXED FORWARD-BACKWARD-FORWARD ALGORITHM 207

net coefficient is < —a + M - 1., for all £.

Coeflicient of uj. The total coefficient of uy in E[®yy1 | Fr—1] is

Oy = Br(L 4 Bo) (14 ) + 44187 + Bu (8(1+ Brn)*B7 + 267).
By Assumption 4.6, {8x } is non-increasing, so f;_1 > (k. From (4.14),

A — Appr = 12(Bee1 + BE 1 +7i1) = 12851 > 126
Because @371 = 0(Bk_1) and 7,371 = 0(Yk—1) as k — oo, there exists K7 such that for all £ > K7,

A, = A1 > 1281 > 68 + 462 > O

Therefore (1 + QI(CI))Ak — Agy1 > C,gm) with Hl(f) = O(Bg). For k < K, the deficit (C,gx) — (A —
(z)

Ak+1))+ is bounded by sup; Cj < oo; summing over k < K contributes a finite amount that is
absorbed into R.

Coefficient of vy. Similarly,

C = (1 + ) + 44ks177 + 8Bryr (1 + Bry1)* 7R < A+ 497,
From (4.15),
By — Bryr = 12(7 +97) > 4y + 497 > CF.
This holds for all £ and all p € (0, 2) by construction of the weights. Thus (1 + Gl(cp))Bk — B > C’,gp).

Conclusion. Setting 6, = max{@,(gl), 9,(f), 9,8))} = O(Br + &) and collecting all residual constants
into Cp and R, we obtain (4.16).
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