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ABSTRACT. In this paper, we investigate some properties of the Fréchet coderivative (Mordukhovich
coderivatives) of the normalized duality mapping in Banach spaces. For the underlying spaces, we con-
sider three cases: uniformly convex and uniformly smooth Banach space [,,; general Banach spaces L1
and C[0, 1].
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1. INTRODUCTION AND MOTIVATIONS

Let (X, |- ||x) and (Y, || - ||y) be real Banach spaces with topological dual spaces X* and Y*, respec-
tively. Let (-, ) x denote the real canonical pairing between X* and X and (-, )y the real canonical
pairing between Y* and Y. Let A be a nonempty subset of X and let ' : A =2 Y be a set valued
mapping. The graph of F is defined by the following subset in A x Y’

gph FF={(z,y) e AxY :ye€ F(x)}.

For (z,y) € gph F, that is, for z € A and y € F(x), the Fréchet coderivative (which is also called
Mordukhovich derivative, Mordukhovich coderivative, or just coderivative) of F' at point (z,y) is a set
valued mapping D*F(m, y) : Y* = X*. For any y* € Y™, it is defined by (see Definitions 1.13 and
1.32 in Chapter 1 in [29])

D'Fa,y)(y) =~ € X*:  limsup U WX LUyl
(u0)—(y) Ju—zllx + v —ylly
u€A and veEF (u)

<0

(1.1)
=< z"e X": limsup (fu—m)x = (Y v —y)y

(o) (zy) 10— 2lx + v —ylly
(u,v)Egph F

<0

If (z,y) ¢ gph F, then, we define
D*F(z,y)(y*) =0, foranyy* e Y™

By the above definition (1.1), ﬁ*F(m, y) : Y* =2 X* is a set valued mapping, which is called the
Mordukhovich derivative (or the Mordukhovich coderivative) of F at (x, y).
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In particular, let G : A — Y be a single valued continuous mapping. By (1.1), the Mordukhovich

derivative of G at point (z;, G(z)) is a set valued mapping D*G (x, G(x)) : Y* = X*. Forany y* € Y*,
it is defined by

A~

D*G(z,G(2))(y") = D*G(x)(y")

(z5u —2)x — (y",G(u) — G(z))y

= zreX": lim sup <0
(WG W)= (z,a@) u—zlx +[|Gu) — G(z)|y
u€EA
* % .1 <Z*,U—$>X — <y*aG(u) —G(l‘»y
=< 2z" € X" : limsup <0
P = allx £ G - G@lly

(1.2)

The Mordukhovich derivatives have been widely applied to several branches of mathematics such
as operator theory, optimization theory, approximation theory, control theory, equilibrium theory, and
so forth (see [3, 4, 5, 6, 7, 25, 26, 27, 28, 29, 30, 31]).

For the single valued mapping G, the smoothness of G is traditionally defined by some types of
differentiability of GG, such as Gateaux directional differentiability, Fréchet differentiability and strict
Fréchet differentiability. For example, see [14, 17, 18, 32], in which the underlying spaces are Hilbert
spaces; and see [9, 15, 35, 36], in which the underlying spaces are Banach spaces and normed linear
spaces.

For single valued mapping G, it is proved in [29] that if G is Fréchet differentiable at a point z, then,
the Mordukhovich derivative of G at x can be calculated in terms of the Fréchet derivative G at z.
Hence, the Mordukhovich derivatives can be considered as the generalization of Fréchet derivatives.

In calculus, the development process of the traditional differentiability of functions has been inte-
grated in the following stages: the definition, properties, explicit formulas, and applications. In contrast
with the traditional differentiability of functions in calculus, an important generalized differentiability
of set-valued mappings in Banach spaces has been defined based on the Mordukhovich derivatives
(for example, see [29]). Meanwhile, many properties of generalized differentiability have been proved.
See, for instance, [29]. Similar, to the ordinary derivatives with their properties in calculus, the Mor-
dukhovich derivatives with their properties have been widely applied to many fields in both pure and
applied mathematics (see [3, 4, 5, 6, 7, 25, 26, 27, 28, 29, 30, 31]).

However, in contrast with the traditional differentiability, we found that there is a gap in the develop-
ment process of the generalized differentiation in Banach analysis, which is the lack of explicit solutions
for the Mordukhovich derivatives of mappings (set-valued, or single-valued) in Banach spaces. This mo-
tivated the present author to make up for this shortcoming in the theory of generalized differentiation
during last two years.

It is well-known that the explicit differential formulas in calculus are based on special functions.
Hence, in order to find some explicit solutions of Mordukhovich derivatives of mappings in Banach
spaces, we must have the specifically given mappings and specific underlying Banach spaces. One
immediately sees that, even for single-valued mappings in Banach spaces, it is much more complicated
to find its Mordukhovich derivatives than to find the ordinary derivatives of functions in calculus.

To reach the goal of making up for the shortcoming of explicit Mordukhovich derivatives of map-
pings, the present author has considered the standard metric projection operator, which is extremely
important in operator theory, and investigated the exact solutions for Mordukhovich derivatives of this
operator with respect to some specific nonempty closed and convex subsets in Hilbert spaces [20, 21]; in
uniformly convex and uniformly smooth Banach spaces [22]; and in Banach spaces, in general [23, 24].
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Apart from the metric projection operator, it is well known that the normalized duality mapping J is
another important mapping in Banach space analysis. It has many useful properties, which have been
widely applied to fixed point theory, optimization theory, variational analysis, approximation theory,
and so forth (see [1, 10, 29, 30, 31]). In this paper, we study the Mordukhovich differentiability of the
normalized duality mapping in Banach spaces.

To find more examples of explicit Mordukhovich derivatives of mappings, in addition to the re-
sults obtained for the metric projection operator, in this paper, we consider the explicit Mordukhovich
derivatives of the normalized duality mapping J. Since the duality mapping J is a set-valued map-
ping in general, in order to have a single-valued duality mapping .J, we first concentrate on the cases
where the underlying Banach spaces are uniformly convex and uniformly smooth. However, this con-
dition only ensures that the duality mapping .J is single-valued, which cannot be explicitly expressed.
Hence, in section 3, by definition (1.2), we consider the Mordukhovich differentiability of J in [,, for
1 < p < oo, which is a uniformly convex and uniformly smooth Banach space and the derivative has
an explicit expression.

Then, we study general Banach spaces, in which the normalized duality mapping J is a set-valued
mapping. More precisely, in section 4, we use definition (1.1) to study Mordukhovich differentiability
of J in L;. And in section 5, we study the Mordukhovich differentiability of .J in C'[0, 1], in which J is
a set-valued mapping.

When we compare the results in this paper and the results in [29, 30, 31], we can find the significant
differences of the Mordukhovich derivatives between the normalized duality mapping and the metric
projection operator with respect to the same underlying Banach spaces. Notice that the normalized
duality mapping J : X = X™ is, in general, a set-valued mapping from the considered Banach space
X to its dual space X*. Meanwhile, the metric projection operator is a mapping from X to a nonempty
closed and convex subset of X. This significant difference causes that the techniques for finding the
Mordukhovich derivatives of the normalized duality mapping are different from those for the metric
projection operator. The differences of the results clearly show to the readers that it is very difficult to
explicitly find the solutions of the Mordukhovich derivatives for those specifically given mappings.

2. PRELIMINARIES

Let (X, ||-||) be a general (real) Banach space with topological dual space (X ™, || - ||«). The dual space
of (X*, |- ||+) is denoted by (X**, || - ||««)- Let (-, -) denote the real canonical pairing between X™* and
X; and let (-, ), denote the real canonical pairing between X** and X*. Let #, 6* and 0** denote the
origins in X, X™* and X™**, respectively. The identity mappings on X, X* and X** are respectively
denoted by Iy, Ix+ and Ix««.

The normalized duality mapping J : X =% X* is defined by

J(x) (or Jo) = {jz € X" : (ju,z) = |jz|l||z]| = |l|]* = |jzlF}, foranyz € X.

The normalized duality mapping on X* is similarly denoted by J* : X* = X**, which is defined
by, for any z* € X*,

T (") = {57 (=) € X : (5" (2"), ")« = 5" (@) bl [l = 15" (@), = 2”113} -

When the considered Banach space is not reflexive, for z* € X*, the value J*(z*) contains a subset
in X.

For (z,2*) € gphJ, that is, for x € X and z* € J(x), by definition (1.1)), the Mordukhovich
derivative of .J at point (z,z*) is a set valued mapping D*J(z, z*) : X** = X*. For any y/** € X**,
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it is defined by

D*J(x, z")(y**) = {z* € X*: limsup (u—2) = W u” = a7), < O}
(
ueX,u*eJ(u)

<z*,u _ .’L’> _ <y**7u* _ l‘*>*

w,u*)—(z,z*) HU—LUH + ||u* —CC*H*

= {z* € X*: limsup
(
(u,u*)egphJ

IN
o
N

In particular, if X is a uniformly convex and uniformly smooth Banach space, then X is reflexive
with X** = X. In this case, it is well known that the normalized duality mapping J : X — X" isa
single valued continuous mapping. By (1.2), the Mordukhovich derivative of .J at point (z, J(z)) is a
set valued mapping D*.J(z, J(z)) : X = X* that is defined by, for any y € X(X = X**),

D*J(:L', J(x))(y) == f)*J(m)(y)

— {z* e X*: lim sup (2 u—a) =y, () - J(@)). SO}
(u,J

W)—@J@) =z +[J(w) = J(2)].
ueX

e R ) = ()~ T(@),)
‘{ e X s e T T w) — J@)l. SO}'

Since the theme of this paper is about the normalized duality mapping in Banach spaces, we list some

(2.2)

of its properties in the Appendix for easy reference. For more details, one may see Sections 4.2-4.3 and
Problem set 4.2 in [28], and [1, 2, 3, 7, 11, 14, 24, 25].

3. THE NORMALIZED DUALITY MAPPING IN [, WITH 1 < p < 00

In this section, we focus on the real uniformly convex and uniformly smooth Banach spaces (I, ||-||)
and (I, || - ||¢), in which p and ¢ satisfy 1 < p,q < oo and % + % = 1. The spaces (lp, || - ||p) and

(lg; I - ll¢) are mutually dual spaces. That is, [; = I, and [;* = I = I,,. Both [, and I, have the same
origin § = (0,0,...). Let (-, -) denote the real canonical pairing between [, and [,,; and let (-, -) . denote
the real canonical pairing between [, and [,. We use x,y, z, ... for the elements in [, and u, v, w, . ..

for the elements in [,. The positive cone of [, is denoted by l;’ and is defined by
l; = {x = (x1,22,...) €l 12y >0, foralln}.
I} is a pointed closed and convex cone in [, We define a subset [,/ in I, as follows
l;r+ = {x = (z1,22,...) €lp 2y >0, foralln}.

l; * is a convex subset in [,,, However, {6} U l; * is a pointed convex cone in [, with vertex 6, which
is neither closed, nor open.

The normalized duality mapping on [, is denoted by J : [, — [, and the normalized duality mapping
on [, = [, is denoted by J* : [, — [,. Recall the representations of normalized duality mapping
J :l, — Il and the normalized duality mapping J* : I; — [,. For any point = (z1,22,...) € [,
with x # 6, we have

J(z) = <‘x1’plsign(xl)a x2’plsign<$2),..~> = (’xl‘p%l a2 ) : (3.1)

-2 -2 —2 —2
(58 [ [ A

Similar to (3.1), for any u = (u1,ug,...) € Iy with u # 6, we have

T*(u) = 1|7 sign(uy) |ug|?™! sign(us) P Jug] T Pug (3.2)
U e ) Tl )

-2
ullg [ullg
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By (3.1), J is a mapping from l;‘ to [; and from lI',H‘ to l;‘h That is,
+ + ++ ++
rel, = J(x)el, and zel,” = J(x)el; .

It follows that, for any point x = (x1,z2,...) € l; with z # 6, we have

p—1 p—1
X X
J(x)—( L =2 2,...).
=Mz~ =l

Similarly to (3.1), for any u = (uy,ug, ...) € I with u # 6, we have

q—1 q—1
u U
J*(u):< L 2 2,...).
lullg™" g™

One has J*oJ = I;, and J o J* = I;,. Since both mappings .J : [, — [, and J* : [; — [, are single-
valued continuous mappings, for any x € [, with J(x) € l,, by (2.2), the Mordukhovich derivative of
J at (x, J(x)) is a set valued mapping D*J (z, J(z)) : l; = 1. Since I = [, and I;, = Iy, it is written
as, D*J(z) := D*J(z, J(z)) : lp = lg. By (2.2), for any y € [, = [, it is defined by

D*J(x,J(x))(y) := D*J(x)(y)
{w

e ez —a) ()~ J(a)
‘{ € by s limsup SO}

e wz e — (I() - J().)
‘{ € Ly s limsup S e <°}

Notice that the normalized duality mapping J : [, — [; = [ is a single-valued mapping from the
considered Banach space [, to its dual space [}, = [,. Meanwhile, for any given nonempty, closed and
convex subset C' of [, the metric projection operator Pc : I, — C' is a mapping from I, to itself.
Hence, the techniques for finding the Mordukhovich derivatives of the normalized duality mapping J
are different from that of metric projection operator Pr, which are used in [20, 21, 22, 23, 24].

(3.3)

Theorem 3.1. Letx = (21,%2,...) € l,. Then

D*J(z)(0) = {6}.

Proof. It is clear to see that

0 € D*J(z)(0). (3.4)
Next, we prove that, for any w € Iy, if w # 6, then
w ¢ D*J(z)(6). (3.5)

The proof of (3.5) is divided into two cases with respect to .

Case 1. © # 0. Let w = (wy,wa,...) € l; with w # 6. There is a positive integer m such that
wp, # 0. We may assume w,, > 0. Let \,, € [,, N[y, in which, the mth coordinator is 1 and all other
coordinates are 0.

In this case, in the limit in (3.3), we take a special direction z; = t A, + z, for t > 0 with ¢ | 0. More
precisely speaking, for all n, the nth coordinator of z; has the following representation.

t+ xpy,, forn=m,
(Zt)n =
T, for n # m.
This implies that ||z — z|[, =t — 0,as t | 0. That is,
zt — xinly, ast | 0. (3.6)
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Fort > 0,by 2, = tAp, + z and z = z; — t\,, we have
lally =t < llzlly < llally +¢, forall > 0.
This implies
\[|z¢llp = l|[lp| < t, forallt > 0. (3.7)

In particular,
1 3 1
§||$||p <lzellp < §H33Hp, forall0 <t < §||m|]p (3.8)

By (3.6) and by the continuity of the normalized duality mapping in uniformly convex and uniformly
smooth Banach spaces, we have

J(z) = J(x)inly, ast | 0.

However, we need more estimation for ||.J(z;) — J(x)||4- By (3.1), we have

|x1|p_1 sign(x1) |x2|p_1 sign(z2) |xm|p_1 sign(z,)
J(z) =
= =5 , =5 s =5 et
[E3] [E4[7 [E3]
and
T(e1) = <|x1|p—1sign<x1> fralsign(rs) [t sign(t + o) )
t) = ) s ) N ) yeon )
[EA [EA 7 [EA 7
It follows that
1 1 _ [t + 2P Lsign(t + 2)  |2n|P ! sign(z,,)
I =-30) = (e = s ) (el 0+ : - @)Yy,
lzell5™ 3 ? [ [EA
This implies
[ (zt) = J(2)llq
1 1 ) -2 [t + 2, |P sign(t + @) | [P sign(@,)
< - s ) (el 7|+ ( 2 - gulam) ) )
‘<||Zt||§ 2 el ? ; [ [ .

1 1 _ t+ 2, P tsign(t + x,,)  |2,,|P 7 sign(z,)

| @, + | (it o) _ oml_sien
[EAI (Bl [EAI [l 2¢]l5

1 1 B 1 1. 1 .

= =5 — = ||x||5 Ly — ||t + zp|P 1 sign(t + x,) — |zm|P 1 &gn(mm)‘ . (3.9)
[[2¢lp (E41F3 ll2¢lp

For the estimation of ﬁ |[t + @ [P sign(t + &) — |2 [P~ sign(z,, )|, we consider 3 subcases below
P

\Zt,\
with respect to x,,.

Subcase 1.1. z,,, = 0. In this subcase, by p — 1 > 0, we have
[t + @ [P~ sign(t + @m) — |zn|? " sign(2y,)| = P71, forall ¢ > 0.

Since = # 0 and x,,, = 0, we have |||/, > t. This implies

1 1. 1.
7”2th72 Ht + T [P sign(t 4 21n) — |20 |P ! 51gn(xm)|
P
tp—1 tp—1
—t. (3.10)

= <
[
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Subcase 1.2. x,,, > 0. In this subcase, forall 1 > ¢ > 0,by p — 1 > 0, we have

Ht + 2 |P sign(t + ) — |2 | sign(xm)|
=(t+a,)P -2t
=(p—1)ZP 2t +xp — )
= (p— 1)tzP~2, for some T € (Lyy, Tpy + 1). (3.11)

In this subcase, for all t > 0, we have |||/, > ||z||p. By (3.11), for all 1 > ¢ > 0, this implies,

1

||t 4 @ [P sign(t + @) — |z [P sign(zm)|
1zl
tilp
B (p—1)tzP2
= =2
e
— 1)zP—2
%t, for some T € (T, Ty + 1).
[l
— D (zm p—2
<= DEnt H7, (3.12)

= -2
s

Where, we take 5 = 1,forp—2 > 0and 8 =0, forp — 2 < 0.
Subcase 1.3. x,,, < 0. In this case, if t < —x,,,, thent + z,,, < 0. Then, forall 0 < t < 7%£L'm, by (3.7), we

have [|z¢||, > % ||z||p. This implies

1

o 1 ol st ) — [l sign(e)
tilp
1 p—1 p—1
- P ‘—(—(t +x,)" = (—(—zm)) ‘
p
1 -1 _
=l ‘(*(t )" = (—a)” 1’
tllp
1 _ -1
= e (o = ()
tilp
1 e
= W(P —1)z” 2(—»’% —(=(t+ xm)))
tilp
_ (p—1)tar2
[EA P
2(p — 1)zP~2
< Wt, for some — (t + ) < T < —T,
Tilp
2(p — 1) (= + )P2
< B t. (3.13)
p

Where, we take o« = —%xm, forp—2>0and a =0, for p — 2 < 0. From (3.10), (3.12) and (3.13), let

(= it L9 (p= Doty Lo 2],
T el

A= max{l,

Then, we have

1 1
— [t 4+ @ P~ sign(t + zm) — |z [P sign(zm)| < At, as0 <t < §|xm| (3.14)

1z¢lo
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Next, we estimate ’W — W , which is the first term in (3.9). By (3.7) and (3.8), we have
1 1
lzelp™  ll=llp~
_ lzelm 2l B — 52z 15
[EA [ B
_ lzelm 2l lE — 112052 (12l + [+ 2ml? — [2m]?) |
[E o B
zellz2lzllp = lllB=2llB] | l2lB=2 1t + zml” = |2ml?]
a [E2 P B4 [EA B
O et e O )l e
[ 2215~ 12
_ Ulzelly +lllp) Wzl = lzllp] [+ 2 ]” — |2m 7
[EA 2615~ llllp
llzllp -t It + 2| — 2w
3 llzlp Izl
_ ot 2P|t + 2| — |zm|?]
[l [l

Similar to the proof of (3.14), we can prove that there is a positive number B such that

1
[lt +zm|P — |zm|P| < Bt, as0 <t < §|xm\

By (3.15) and (3.16), we obtain

ot 2P Bt

1
< + as 0 <t < =|zml.
[ 1 e

1 1

—2 —2
A B4

Substituting the results of (3.17) and (3.14) into (3.9), we get

17(z¢) = J(2)lq

5t 27 B .
< ( - T 2 2) |5~ + At
=5 =" g

2P Bt
=5t + ——— + At
[E4[5

1
=Ct as0<t< §‘$m|

2Bt 4 At satisfying C' > 0, for 0 < t < %|@7,|. This implies

-1
llll5

Where C' = 5t +

J(z) = J(z)inl,, ast | 0.

By (3.6) and (3.19), we have
(Zt7 J(Zt)) - (33, J(SC)), ast ] 0.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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In order to show w ¢ D*.J(z)(0), we calculate the limit in (3.1). By the assumption that w,,, > 0 and by (3.20)

and (3.18), we have
<w7 Z = l‘> — <J(Z) — J(J?), 9>

lim sup
amr |z =zl +1J(2) = J(@)llq
= lim sup (w, z — )
o 2=zl +1(2) = J(@)lq
: <w72t 7$>
> lim sup
ame |zt = @llp + (1 (2¢) — J (@)l
= lim sup (w, tAm)
100 tAmllp + [[J(2) = J(2)llq
tw,,
= lim sup
ot 1 (z) = J(@)llq
> limsu _Wm_
o U t+ Ot
Wi,
=——>0.
1+C

This implies that, for « € [, with x # 6, we have
w ¢ D*J(x)(0), forany w € l, withw # 6.
By (3.4) and (3.21), we obtain
D*J(z)(0) = {6}, forz € l, with z # 6.

(3.21)

(3.22)

Case 2. x = 0. For the case that x = 0, as in the proof of (3.22), let w € [, with w,, > 0, for some positive

integer m. For t > 0, let z; = tA,, + 0 = t\,,, we have
[[Iz¢llp — [10]|p| = ¢, forallt > 0.
and
J(z) = J(tA\m) = tAy, — 0, ast | 0.

By JO = 0, these imply
(z¢, J(2)) = (tAm, tAm) — (6,0), ast | 0.

We have
. (w,z —0) — {J(2) — J(0),0)
lim sup
=0 2 =0l + 117(2) = J(0)llq
. <w,Zt - 9>
> lim sup
a0 |1z = Ollp + 11T (2e) — J(0)llq
= lim sup
10 tAmllp + [tAmllq
= limsu o
o 2t
W
= > 0.
This implies

w ¢ D*J(0)(H), forany w € I, with w # 6.
Now (3.4) and (3.22) proves this theorem.

Theorem 3.2. Letx,y € l,,. If (J(z),y) # O, then
0 ¢ D*J(x)(y)-
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Proof. Fort > 0, let

L (1 —=t)x, if(J(z),y) >0,
Tl 4, i (J(x),y) <0

By the properties of the normalized duality mapping, for ¢ > 0, we have

J(z) = {(1 —0)J(@), i {J(z),y) >0,

This implies
(zt, J(2t)) = (z, J(z)), ast ] 0.
In order to show 6 ¢ D*.J(z)(y), we calculate the limit in (3.1).
. (0,2 =) = (y, J(2) = J(x))«
1
e e ally 16 = TGl
(0,2 —x) = (J(2) = (), y)

~IEP =l T 1) — T@,
R e re e
= s r(r)+ HtJ((Z))H:

= e S,

_ W > 0.

This implies
0 ¢ D*J(2)(y), if (J(x),y) # 0.
Theorem 3.3. Letx € I, \ {0}. For any a > 0 with a # 1, we have
aJ(z) ¢ D*J(z, J(z)) ().
Proof. For1 >t > 0, let

(1+t)x, ifa>1,
2+ =
! (1—-t)x, if0<a<]l.

By the properties of the normalized duality mapping, for 1 > ¢ > 0, we have

Ton) = {(1 +1)J(z), %fa > 1,
(1=t)J(z), f0<a<l.

This implies
(Zta J(Zt)) - ($7 J(I‘)), ast \l/ 0.
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In order to show aJ(z) ¢ ﬁ*J(m, J(x))(z), we calculate the limit in (3.1).
(a)(x),z — ) — (2, J(2) = J(x))«

lim sup
e Iz = llp + [17(2) = J(2)llq
s (@2 =) = () — J(a).a)
PR Iz = zllp + [17(2) = J(2)llq
> lim sup (aJ(z), 2 —x) — (J (=) — J(2),2)
P [tz|lp + ([t ()4
— (T
lim sup a (@), tz) — { J(gj)’@, a>1
_ ) ame el + (it (@)]lg
lim sup o (@), —tw) — (~tJ(2), x>7 0<ax<l1
\ z—w tz||p + ([t (z)]|q
t(a —1)|z|?
lim sup (a )”pr , a>1
_ ) e tllp + (12 (2)lg
t(1 —a)||z|?
lim sup ( )l Hp , O0<ax<l1
a—a [ty + (8T (2)llq
tla —1||z|)?
oy =
10 2t”$Hp
_ o — 1]l
= 5 > 0.
This proves the Theorem. 0

4. THE NORMALIZED DUALITY MAPPING IN GENERAL BANACH SPACE L1 (S)

Let (S, A, 1) be a positive and complete measure space. The real Banach space (L1(.S), || - ||1) has
dual space (Loo(S), || - ||oo)- Both L;i(S) and Lo (S) are not reflexive. We define the positive cone,
denoted by L} (S), in L1(S) as follows.

LT(S) ={f € Li(S) : f(s) >0, for almostall s € S}.

It is well-known that L7 () is a pointed closed and convex cone in L1 (.S). Then, we define a subset
in L;(5) as follows

LTH(S) = {f € L:i(5) : f(s) >0, for almost all s € S}.

L{T(S) is a convex subset in L;(S). However, {#} U L] " (S) is a pointed convex cone in L;(95)
with vertex 6, which is neither closed, nor open.

Let ba(S, A) be the Banach space of all bounded finitely additive real valued functions on .A with
norm || - ||. For every v € ba(S,.A), ||| is defined by (see page 160 of section III 7 in [8] by Dunford
and Schwartz)

7]l = sup{|v(A)| : A € A}, for every v € ba(S, A).
By Theorem IV 8.1 in [8] by Dunford and Schwartz, the Banach space Lo, (S5) has dual space L% (S) =
ba(S,.A). Let (-, -) denote the real canonical pairing between L1 (.S) and Lo (S); and let (-, -), denote

the real canonical pairing between L (S) and ba(S,.A). We have ¢ € L% (S) if and only if, there is
v € ba(S, A) such that

(o, h*), = /S h*(s)7(ds), for any h* € Loo(S) = L¥(S). (4.1)
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Then, ¢ and + satisfying (4.1) are identified; and therefore, we have
L7(S) = Loo(S) and L7 (S) = L% (S) = ba(S, A).

We use English letters, such as f, g, . . ., to name the elements in L;(S), and f*, g*, ..., for elements
in Lo (S). We use Greek letters, such as 7, A, ... to name the elements in ba(5,.A). Let 0, 0* and 0**
denote the origins in L1(S), Lo (S) and ba(S, A), respectively. The following lemma shows that the
normalized duality mapping J : L1(S) = L (5) is indeed a set valued mapping.

Lemma 4.1. Let f € Li(S) with f # 0. Let a be an arbitrarily given bounded measurable function
defined on the set {s € S : f(s) = 0} satisfying

= flli < als) < ||fll1, foralls € S with f(s) = 0.
Define jf € Loo(S) as follows

| fll1,  for f(s) >0,
(G)(s) = < a(s), for f(s)=0, forseS. (4.2)
=l for f(s) <0,

Then, jf € Jf.

Proof. Let A={s € S: f(s) >0}and B={s € S: f(s) < 0}. Since f # 0, then (AU B) # 0. By
(4.2), this implies |7 f||co = || f]l1 > 0. Then,

G, f) = /S £(5) (G ) ()(ds)

— 171l /S F(3)|ulds)

= 117 = 1515
This proves jf € Jf. O

Corollary 4.2. Let f € L1(S) with f # 0. We have

(i) Ifu{s € S: f(s) =0} > 0, then J f is an infinite set;
(ii) Ifu{s € S: f(s) =0} =0, then J f is a singleton satisfying

1Flh. for f(s) >0,
J = 1 S. .
) {—rfh, for f(s) <0, TS “9

(iii) In particular, if f € LT(S), then J f is a constant function satisfying
(Jf)(s) = [Ifllr, foralls € S.

Proof. Part (i) follows from the representation (4.2) immediately. We show (ii). Assume that f satisfies
p{s € S: f(s) =0} =0. Then, u{s € S: f(s) >0} > 0,0, u{s € S: f(s) <0} >0, or both.
Suppose p{s € S : f(s) > 0} > 0 (we can similarly prove the case if u{s € S : f(s) < 0} > 0).
Assume that there is h* € Lo (S) such that h* is also a value of the normalized duality mapping at
f € L1(S) that is different from .J f defined by (4.3). Then, |2*|lcc = ||f|l1, and, for p-almost s € S,
[h*(s)] < ||h*]lcoc = ||f]|1. Then, by the assumption that h* # Jf defined by (4.3), there are two
possible cases that at least one of them happens.
Case 1. Thereis D € Aand D C {s € S : f(s) > 0} with (D) > 0 such that

= flli < h*(s) < ||fll1, forall s € D.
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We have
<Mﬁ=1j@M@ww
- f@M@mm+A¢@M@mw

S\D

< f@M@ww+Aﬂwwmw>

S\D

SLWWWNMWM+LﬂMWm%)

séwmwwmwﬁaéﬂwmmm>

=/ Wﬂwmmaﬁ/mﬂWMM@
S\D D

=wm4mwmm
— 172,

This contradicts to the assumption that h* is a valued of the normalized duality mapping at f.
Case 2. Thereis £ € Aand E C {s € S: f(s) < 0} with x(E) > 0 such that

—Ifllh < h*(s) < ||f]1, foralls € E.

We have
<Mﬂ=éﬂ%%ﬂ%)
- f@W@WM+éj@W®MM

S\E

< f(s)h*(s)u(ds) + /E PN FAVICEY.

S\E

stﬂWN$M®+AU®WMM$
:/ ﬂﬂwmwﬁﬁ/meMM@
S\E E

=UMAW®MM
e

This contradicts the assumption that 4" is a value of the normalized duality mapping at f.

Let rca(S,.A) be the Banach space of all regular countably additive measures, which is contained
in the set ba(S,.A). Then, rca(S, A) is a closed linear subspace of ba(S,.A) (see pages 160 and 162 of
section III 7 in [8] by Dunford and Schwartz).

For any f € L} (S), with f # 0, we define f** € ba(S, A) as follows

™ (A) = /Af(s)u(ds), for every A € A.
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Then, f** is a positive, complete, regular and countably additive measure on (S, .4); and therefore,

f* e rca(S, A), which implies f** € ba(S, A) = L% (S). For any k* € L (5), it satisfies

(R = 0 ) = [ () (s)alds)

S
The identification of f** and f embeds L] (S) into rca(S, A) C ba(S, A). That is,
L (S) C rea(S, A) C ba(S, A) = L7(S).
The results of the following lemma should be well-known. However, in this section, we provide a
simple proof. U

Lemma 4.3. L1(S) is not strictly convex.

Proof. Take arbitrarily A, B € A satisfying pu(A) > 0, u(B) > 0and AN B = (). Let x4 and xp be

XA XB
and g = ———. Then
1(A) 1(B)

=1. O
1

the indicator functions of the subsets A and B, respectively. Define f =

Il flli = llglli = 1. We can check that ‘f—;—g

Lemma 4.4. The normalized duality mapping J* : Loo(S) — L% (S) is not a single valued mapping.

Proof. Assume, by the way of contradiction, that the normalized duality mapping J* : L. (S) —
L} (9) is a single valued mapping. By Theorem 4.3.2 in [28] by Takahashi, L (S) is smooth. Since
L (S) = Lj(S), by Problem 2 in section 4.3 in [28], it implies that L () is strictly convex. This
contradicts to the results of Lemma 4.3.

We partially showed the well-known properties that all L;(S), L (S) and ba(S,.A) are neither
smooth, nor strictly convex. Moreover, the complete proof of the result that ba(.S, A) is neither smooth,
nor strictly convex is by the properties of Lo, (S) and Problems 1 and 2 in section 4.3 in [28].

By Lemma 4.1, the normalized duality mapping J : Li(S) == Loo(S) = Lj(S) is not a single
valued mapping. Recall that L(S) = Loo(S) and L3 (S) = ba(S,A). Let f € L1(S). Take f* €
J(f) € Li(S) = Loo(5), by (1.2), the Mordukhovich derivative of .J at (f, f*) is a set valued mapping
D*J(f, f*) : Lz,(S) = L%(S), which can be rewritten as D*J(f, f*) : ba(S, A) = Laso(S). For any
v € ba(S, A), we have

<k*7g_f> — <77g* _f*>*

D*J(f, f)(y) = { k* € L(S) : lim sup e <0
: @)= lg=Fflli+llg* =l
g€L1(S) and g*€J(g)
Arernys):  limsyp 9= H=0g = U,

)= Ng=Fli+llg* = fFlle —
g€L1(S) and g*€J(9g)

In particular, by Li (S) C ba(S, A), for any h € L] (S) that makes h** € ba(S, A) = L% (S), by
(4.4), we have

(99~ lg=Fli+llg" = Fllo
g€L1(S) and g*€J(g)
= k¥ € Loo(9) : lim sup (9= f) <“(i j; Py <0p;. (45
(9,9%)=(f,f*) lg — fll1 + llg* = f*lleo
g€L1(S) and g*€J(g)
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Theorem 4.5. Let f € L1(S) withpu{s € S: f(s) =0} = 0. Then J(f) is a singleton and satisfies
D*J(f, J(5))(O) = {6°}.

Proof. For any f € Li(S),if u{s € S : f(s) = 0} = 0, then, by part (ii) of Corollary 4.2, J(f) is a
singleton, which is denoted by f* = J(f). It is clear to see that

0* € D*J(f, f*)(6*"). (4.6)
Next, we prove that, for any k* € Lo (95), if k* # 0%, then
k* ¢ D*J(f, f*)(0"). (4.7)

The proof of (4.7) is divided into two cases.

Case 1. (k*, f) # 0. We may assume (k*, f) > 0. In this case, in the limit in (4.5), we take a special
direction g; = (1 +t)f, for t > 0 with ¢ | 0. By property (J4) of the normalized duality mapping and
f*=J(f), we have

(L+t)f* € J((L+1t)f) = J(ge), forallt > 0.

Then, we write

g =00+t €J((1+t)f) =J(g), forallt > 0.
This implies
(91,97) = (g1, (L+1)f*) = (£, ), ast L 0.
We have

y (k.9 — )~ (5" — .0™).

im sup - .

(9.9")=(f.1") lg — fllx +1lg* = f*llo
g€L1(S) and g*€.J(g)

= lim sup kg — 1)

.o )—(ff g = Flli+1lg* = f*lle
geL1(S) and g*€J(g)

T @)=y g = flli g = e
gt€L1(S) and gf €J (g¢)

<k*v(1+t)f_f>

B T Yy PRy |G VI gy
= lim sup LR, f)
w0 I+t Nl
P
2071l
> 0.

This implies (4.7) as following
k¢ DVI(f.£7)(67). for (k. f) > 0.

In case if (k*, f) < 0, then, in the above proof, we take g, = (1 —¢)f, for 0 < ¢t < 1 with ¢ | 0. We
can prove

k¢ DI (f.£7)(67). for (k. f) < 0.
Case2. (k*,f) =0.Let A={seS: f(s) >0}, B={seS: f(s) <0tandC = {s € S
f(s) = 0}. Since pu(C') = 0, which implies f # 6 and u(A U B) # 0. This implies

p({s€A:k*(s) >0 U{s€ A:k*(s) <0}U{s € B:k*(s) >0} U{s € B:k*(s) <0}) #0.
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At first, we suppose u{s € A : k*(s) < 0} > 0. Thatis, u{s € S : f(s) > 0and k*(s) < 0} > 0.
Then, there is a positive number a with a < || f||1 such that

p{s € S: f(s) >aand k*(s) <0} > 0.
Let D ={s € S: f(s) > aand k*(s) < 0}. By f € L1(S5), this implies that
0<u(D)=p{seS: f(s) >aand k*(s) < 0} < 0.

Let xp be the indicator function of this subset D. The above inequality implies that xp € L1(5)
with ||[xp|l1 = p(D). Define

hy = —txp + f, forany t with0 <t < aandt | 0.

More precisely, for any ¢ with 0 < ¢ < a, we have

ha(s) = {f(s) —t, forse D,
f(s), fors ¢ D.

By 0 <t < aand f(s) > a,forall s € D, we have thatif 0 < ¢ < a, then
0< hi(s) = f(s)—t < f(s), forall s € D.
Hence, if 0 < t < a, then ||hy — f[[1 = tu(D). This implies that

h: = f, ast | 0. (4.9)
Notice that a < || f||1. If0 < ¢ < a, we have

Il = /S ) u(ds)

_ / ()| ja(ds) + / ()l a(dls)
S\D D

- /S i) + / (f(s) — t)ulds)

=/S\D sutds) + [ f(s)utds) (D)

= [ 1t~ tu(D)
= [[fllx = tu(D).
Here, we have || f||1 — tu(D) > 0. It is because that if 0 < ¢ < a, then

/f (d@s) < IfIl.

It is clear that, by u{s € S : f(s) =0} =0,if0 < ¢t < a, then u{s € S : hi(s) = 0} = 0. Notice
that D C A and by (4.8), we have h:(s) > 0, for s € D C A. By Corollary 4.2, we have that J(h;) is a
singleton, which is denoted by h; = J(h;), for all 0 < ¢ < a. It satisfies

* hil[1, forse€ A, —tu(D), fors € A,
ni(s) = J(h)(s) = {11 {111~ (D)
—[|hel}1, forse B ~(IIfllh = tw(D)), fors e B.

(4.8)

This implies
lhi — oo = tpu(D) — 0, ast | 0. (4.10)
By (4.9) and (4.10), we have
(heyhy) = (f, f7), ast ] 0.
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This implies
k;* _ _ 0** * * "
lmsup 9= H =S -9 *f)
@o)—hr Mg = Fli+ Nl =l
g€L1(S)and g*€J(g)
= lim sup
@o)—(fr 9= fllh+1lg* = FFlleo
g€L1(S) and g*€J(g)
. (k*, he — f)
> limsup X -
()= (fg7) e = Fll+ 1A = oo
= lim sup k", —txp +/ — 1)
1o |l —txp+f—=flli+1h = fFlleo
1o tu(D) +tu(D)
_ —{k*xp)
2u(D)
> 0.
This implies

k* ¢ D*J(f, J(f))(0*), for (k*, f) # 0and u{s € A : k*(s) < 0} > 0.

We can similarly prove that k* ¢ E*J(f, J(£))(0*), for (k*, f) # 0 with respect to any one of the
following cases:

uf{s € A:k*(s) >0} >0, u{se€ B:k"(s) <0} >0, u{s € B:k*(s) >0} > 0.
This proves (4.7). Then by (4.6), this theorem is proved.

O
Theorem 4.6. For 0* = J(0), we have
D*J(0,0%)(6"*) = {67).
Proof. It is clear to see that
0* € D*J(0,0%)(6™). (4.11)
Next, we prove that, for any k* € Lo (S5), if k* # 0*, then
k* ¢ D*J(6,6%)(0"). (4.12)

By k* # 6%, we have u{s € S : k*(s) > 0} > 0, or, u{s € S : k*(s) < 0}, or both. At first, we
suppose p{s € S : k*(s) > 0} > 0. Then, we take D C {s € S : k*(s) > 0} satisfying

0 < u(D) < 0.
It follows that xp € L1(S) with || xpl|1 = (D). Define
hy = txp, forany t > O with ¢ | 0.
More precisely, for any ¢ > 0, we have
ha(s) = {t, fors e D,
0, fors¢ D.
hy — 0|1 = ||h¢]]1 = tu(D). We obtain
hy — 6, ast | 0. (4.13)

This implies that, for any ¢ > 0,
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By Lemma 4.1 and ||h¢||; = tu(D), we define j(hy) € J(h;) satisfying
, lhell1,  fors € D, tu(D), forse D,
j(he)(s) = =
—||htl}1, fors ¢ D —tu(D), fors ¢ D.
This implies
17(he) = 0%lloo = llhelly = tu(D) — 0, ast ] 0.
This is equivalent to
j(hy) — 0%, ast | 0. (4.14)
By (4.13) and (4.14), we have
(ht7](ht)> - (97 9*)7 ast \J/ 0.
This implies
(99007 llg =0l +lg" = 6[loo
g€L1(S) and g*€J(g)
= lim sup (K, 9)

(9:90)—0.6%) g =0l + 1|9l
g€L1(S) and g*€.J(g)

> limsup k., he)
T (heht)— 0,00 1ell1 + {17 (he) oo

_ 1- . <k*?tXD>
= lim sup ,

1o ltxoll + 1127 (he) oo
= limsup —t<k*’XD>

1o tu(D) +tu(D)
_ <k*7 XD>

2u(D)

> 0.

This proves (4.12). By (4.11) and (4.12), this theorem is proved if u{s € S : k*(s) > 0} > 0. We can
similarly prove the case if u{s € S : k*(s) < 0} > 0.

Recall that L} (S) is embedded into rca(S, A) C ba(S, A). Thatis,L{ (S) C rca(S, A) C ba(S, A) =
L% (S). Then, for any f € L (S), f** is considered as an element in ba (S, A). O

Proposition 4.7. Let f € L] (S) with f # 0 that makes f** € ba(S,.A). Define f* by

sy = Ml Jor (&) >0 e, (4.15)
0,  forf(s) =0,
Then, f* € J(f) and
[T E DI )
Proof. It is easy to show that f* € J(f). Hence, we only show that —f* ¢ D*J(f, f*)(f**). Let
A={seS:f(s)>0},B={se€S: f(s)<0}andC = {s € S: f(s) = 0}. By the assumption
that f € LT (S) and f # 6, we have u(A) > 0 and z(B) = 0. Then, there is a positive number a such
that
u{s € A: f(s) >a} > 0.
Hence, thereis D C {s € A: f(s) > a} such that 0 < (D) < oco. Define

hy = —txp + f, forany 0 <t < aandt ] 0.
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More precisely, for any ¢ with 0 < ¢ < a, we have

) f(s)—t, forse D,
hu(s) = {f(s), fors ¢ D. (4.16)
This implies ||h; — f||1 = tu(D), forall 0 < t < a, and
h: — f,ast 0. (4.17)
We calculate
|mmzém@mw>
=/ MMWM$+/MMWM$
S\D D
=/ wwmm+/f@—wm>
S\D
=L\ sutds) + [ f(s)utds) (D)
= [t = (o)
= ||fll1 — tu(D).
(4.18)

Notice that D C A and by (4.16), we have hi(s) > 0, for s € D C A. By (4.18), let hj € J(h;) be
defined as follows (Notice that, for 0 < ¢ < a, hy(s) > 0 if and only if, f(s) > 0, for all s € S).

h for h 0
M®:?mm or h(s) >

0, for hy(s) =0
_ {gf Do) = 419)
:ymw4mm,mmeA
0, fors ¢ A.
By (4.15), this implies
|hi — [*llec = tu(D) — 0, ast ] 0. (4.20)
By (4.17) and (4.20), we have
(he,hi) = (f, f7), ast [ 0.
By (4.15) and the definition of D, it is clear to see that
(f*she) = {f*.=txp + f) = | FIT = tll fll(D). (4.21)

By (4.18) and (4.19), we calculate
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_ / B3 (s)f()(ds) + / hi (s)f(s)p(ds)
A

S\A
(4.22)

= [ 17l = D) s

=mm—wm%j@wm

= |£1IT = 1 fll (D).
By (4.21) and (4.22), we have

hS

I (=" g—f)—{g" = ["0").
im sup . -
(9.9%)=(f.f*) lg — fll + llg* — f*lleo

g€L1(S) and g*€J(g)
— limsup <_fag_f>_<>;g _;faf>
(9,9")=(f.f*) lg — fllr +1lg* = f*ll

g€L1(S) and g*€J(g)
> lim sup <_f’ht_f>_<ft_;faf>
(he, )= (f.*) 17t = fllx + 1A = f*[loo
ht€L1(S) and hj €J(ht)

R B ) 20 )
= S e A+ T = F*
R — ) 20 fI
=l Sup == D) + tu(D)
= —txp + f) = (R )+ 2|12
= lim sup 24:(D)
= (IR = (D)) — (715 = (D)) + 20517
= p

10 2tp(D)
o atiflhu(D)
= s = (D)
= Hf”l
> 0.

This implies that — f* ¢ D*J(f, f*)(6**). This theorem is proved.
We define an ordering relation < on L« (S) as follows. For any f*, u* € Lo (S), we write

f* <wu*ifand only if f*(s) < u*(s), for almost all s € S.

For any f* € Lo (S), we write
(f )< ={u" € Loo(S) : f* <u™}.

Corollary 4.8. Let f € L{T(S) that makes f** € ba(S,.A). Then J(f) is a singleton satisfying
DRI IO 0 () =0
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Proof. Since f € L] *(S), let J(f) = f*, which is a singleton, which is a constant function with
value || f][1. For any u* € Lo(S) with f* < wu*, there is a positive number b such that, there is
EC{seS:u*(s) > |fll1 + b} satisfying 0 < u(FE) < oo. Define

hy =txg + f, forany ¢t > 0 with ¢ | 0.

More precisely, for any ¢ > 0, we have

f(s), fors ¢ E.

This implies ||h; — f||1 = tu(E), forallt > 0, and hy — f, ast | 0. Similar to (4.8), we calculate

ha(s) = {f(s)-i—t, fors € E,

nmmzémmmM$
=/ mwmm+/m@mm
S\E

E

= [ UGl + [ (56)+ u(as)

S\E E

— [ 15utds) + [ fopuds) + tue)
S\E E

= [t + ()
— 1flh + tu ).

By f € L{T(S), we have hy(s) € LT1(9), forallt > 0. Then h} := J(h;) is a singleton with value
of ||h¢]]1. That is,

hi == J(hy) = ||he|li = || fll1 + tu(E), forall t > 0.
This implies ||h} — f*||cc = tu(E) — 0, as t | 0. We have
(htah:) - (faf*)7 aSt\LO'

It is clear to see that (f*, h:) = (f*,txe + f) = || f3 + t|lfl|14(E). We calculate
0 f) = [ i) (s)ntas)

S
= (Iflls + tu(E /u ) u(ds)
— 12 + ]l E

and

<u*7 ht - f> = <u*7tXE>

—t [ w(ulas)

> t/E (f*(s) + b)u(ds)
=t([[fllL + b)u(E).
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We have . . .
limsup <u7g_f>_<f*7g_*f>*
(9,97 (f.f*) lg — fllx +1lg* = f*lloo
g€L1(S) and g*€J (9)
(9.9 (f£.F7) lg — fllx +1lg* = f*lloo

g€L1(S) and g* €T (9)
> limsup <u7h’t_f>_<ht_f7f>

T k)= e = fll 1R = e
hit€lq (S) and h:Ej(ht)

(u*, txm) — (tp(E), f)

= lim sup

£10 2tp(E)
. t(1f [l +0) u(E) =t fll1u(E)
> fim sp 24(E)
= lim sup ()
o 2tu(E)
b

This implies that
ut ¢ DI (f, T (), forany u* € Loo(S) with T (f) < u

5. THE NORMALIZED DUALITY MAPPING IN (GENERAL) BANAcH Space C0, 1]

For any real numbers a and b with a < b, we consider the Banach space C|[a, b] of all continuous
real valued functions on [a, b]. For simplicity, in this paper, without loss of generality, we only consider
C'0, 1], it is because that C'[a, b] can be very similarly studied. Let (C0, 1], || - ||, £) be the Banach space
of all continuous real valued functions on [0, 1] with respect to the standard Borel o-field ¥ and with
the maximum norm (see [6, 29] for more details)

Il = max |f(s)] forany f € C[0,1].

0<s<1

The dual space of C'[0, 1] is denoted by C*|0, 1], which is rca[0, 1]. Let (-, -) denote the real canon-
ical pairing between C*[0, 1] and C'[0, 1]. In this section, let m denote the standard measure on [0, 1]
satisfying m|a,b] = b — a, for any 0 < @ < b < 1. It is clear to see m € rcal0, 1].

By the Riesz Representation Theorem (see Theorem IV.6.3 in Dunford and Schwartz [8]), for any
¢ € C*[0,1], there is a real valued, regular and countably additive functional ;& € rca[0, 1], which is
defined on the given o-field ¥ on [0, 1], such that

/ f(s)u(ds), forany f € C|0,1]. (5.1)

Throughout this section, without any special mention, we shall identify ¢ and p in (5.1). We say that
w € C*[0,1] (it is rcal0, 1]) and (5.1) is rewritten as

/ f(s)u(ds), forany f € C|0,1].
The norm of ¢ € C*[0, 1] = rcal0, 1] is denoted by ||¢||« and is defined by
el := v(,[0,1]),
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where v(¢p, [0, 1]) is the total variation of ¢ on [0, 1], which is defined by (see page 160 in [8])
v(p,[0,1]) = sup [p(E)|.
Ee¥

The origin of C[0, 1] is denoted by 6, which is the constant function defined on [0, 1] with value 0.
The origin of the dual space C*|0, 1] is denoted by 6*, which is also a constant functional on 3 with
value 0. That is,

0*(E) =0, forevery E € X.

The dual space of rca[0, 1] is denoted by rca*[0, 1]. The real canonical pairing between the dual space
rea*[0,1](= C**[0,1]) and rcal0, 1](= C*[0, 1]) is denoted by (-, -)«. In this section, we use English
letters to name the members in C[0, 1], such as, f,g,...; lower case Greek letters for members in
C*[0, 1]; upper case Greek letters for members in C**[0, 1].

According to Dunford and Schwartz (see (F1) on page 374 in [8]), so far, there is no completely
satisfactory representation for rca*[0, 1], which is the conjugate of the space rca[0, 1]. However, we
could find a subset of rca*[0, 1] for us to use in this section.

The positive cone of C0, 1] is denoted by C [0, 1] and is defined by

CT[0,1] ={f € C[0,1] : f(s) >0, forall s € [0,1]}.
C]0,1] is a pointed closed and convex cone in C|0, 1]. We define the strict positive “cone” as follows
CT1[0,1] = {f € C[0,1] : f(s) >0, forall s € [0,1]}.

C*1]0,1] is a convex and open subset in C[0, 1]. However, {6} U CT 70, 1] is a pointed convex cone
in C0, 1] with vertex #, which is neither closed, nor open. For any given f € C*[0,1], f defines a
member f** € C**[0,1] = rca*[0, 1] as follows

1
e = (0, f) = / f(s)7(ds), for any ~ € reaf0, 1]. (5.2)

It satisfies
(S50l < WA for any o € real0, 1].
This implies || f**||;cq* = || f||- By this definition, C*[0, 1] is embedded into rca*[0, 1]. That is
C*[0,1] C rca*[0,1] = C**[0,1].
For any f € C|0, 1], we define

M(f)={te0,1]: [f(O) = IlfI}-
By the continuity of f on [0, 1], M (f) is a nonempty closed subset of [0, 1], which is called the maxi-
mizing set of f. The connection between the normalized duality mapping .J: C' — 2¢" \ {(}} and the
maximizing sets is provided in [18, 19].
Lemma 5.1 in [18] For any f € C]0, 1] with || f|| > 0, then

@ p e J(f) = v [0,1]\ M(f)) =0
(b) Let sj € M(f),forj =1,2,...,k, for some positive integer k, define ;1 € rcal0, 1] by

n(sy) =a;f(s;), j=12,...,k,
and
u(E) =0, forany EC[0,1]\ {s;:j=1,2,...,k}, (5.3)

where o; > 0, for j = 1,2,. ..k, satisfying Z?:l a; = 1. Then i € J(f).
(c) If M(f) is not a singleton, then J(f) is an infinite set.

The following lemmas provide some properties of the maximizing sets.
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Lemma 5.1. Let f € C[0,1] with ||f|| > 0. Suppose that there is [a, b]

C [0,1] with a < b satisfying
, for all s € [a,b]. Define pu € rcal0, 1] as follows, forany E € 3

fls) = IIf
Mrrm), ipC o]
pE)=qb—a
0, if ENla, b = 0.
Then p € J(f).
Proof. The proof of this lemma is similar to the proof of Lemma 5.1 in [18]. It is omitted here. g

Lemma 5.2. Forany f € C[0, 1] with || f|| > 0 and for any t # 0, we have
M(tf) = M(f).
Proof. The proof of this lemma is straightforward and it is omitted here. g
For (f,n) € gphJ, thatis, for f € C[0,1] and p € J(f) C rcal0,1] = C*[0, 1], by definition

(1.2), the Mordukhovich derivative of J at point (f, x) is a set valued mapping D* J(f, i) : C** [0,1] —
C*[0,1]. For ® € C**[0, 1], it is defined by

D*J(f,p)(®) = A e C*0,1]: lim sup Aoy = J) = (97 = 1) <0p. (54)
(9:7)=(f) lg = fII + v — wll«
geC[0,1] and v€J(g)

We use the above definition to investigate some properties of the Mordukhovich derivatives of the set
valued normalized duality mapping J on C|0, 1].

Theorem 5.3. Let f € C1[0, 1] with || f|| > 0 that makes f** € rca*(0, 1] as defined in (5.2). Then, for
any p € J(f), we have

0" ¢ DI (£ 1) (f™)-
Proof. By (5.4), for any given p € J(f), we have
(09— f) = {7 — )

0* € D*J(f, p)(f**) < lim sup <0
(9:7)= (/1) lg = fll + 7y — ull«
C'[0,1] and yeJ
g€C0,1] and v€J(g) - > (5.5)
— lim sup ¥ Hix <0.
)= g = fII+ Iy = plls
geC[0,1] and yveJ(g)
We estimate the limit in (5.5). By the definition of f** in (5.2), we have
lim sup —y = ) = lim sup —b=mf ) (5.6)
@)= Ng= S+l =nle oo Mg = fll+ 1y = pll
g€C10,1] and v€J(g) geC[0,1] and veJ (g)

In the limit (5.6), we take a special direction g; € C[0, 1] and y; € J(g¢), for ¢ | 0, as follows
g=(1—-t)f and vy =(1—-t)pu, forl>t>0.

By the properties of the normalized duality mapping and the assumption that 1 € J(f), we have
v € J(g:¢) satisfying
e = vell« = t)|pell«, foralll>¢>0.
This implies
g+ — finC[0,1] and < — pinrcal0,1], ast 0.
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Calculating the limit in (5.6), we have

lim sup —(v—u, f) Jim sup —(ve =, f)

@)= Mg =Fl v =l ™ o=t gt = FI + 1 — wll
g€C0,1] and v€J(g)

= lim sup 7t<u’f>
o I+t
_ AP
2|1l
By (5.5), this implies 6* ¢ D*J(f, u)(f**). O

Theorem 5.4. Let f € C|[0,1] and A € rcal0, 1]. If (A, f) # O, then, for any p € J(f), we have

X ¢ D*J(f, 1) (07).
Proof. For any given f € C[0,1] and A € rca[0, 1], the condition (\, f) # 0 implies f # 0, that is
Il ]| > 0. By (5.4), for any p € J(f), we have

A€ DU J(f, p)(0) = lim sup Mg =) =07y — ) <0
(9:7)=(fn) lg — fIl + v — wll«
g€C0,1] and yeJ(g)

(5.7)
\.g—
— lim sup Ag— 1) <0.
gn— Mg = Fll+ 1y = ull
geC[0,1] and veJ(g)
Forany 0 <t <1, let
Cfawnn w0 [ #00) >0,
(L=1f, O f) <0, Pl i) <0
By p € J(f), we have v, € J(g;), for any 0 < ¢t < 1. Calculating the limit in (5.7), we have
lim sup <)\7 g — f> > lim sup <)\7 gt — f>
(g9,7)—=(f,1) Hg - f” + ||’Y - ILLH* (ge,7¢)—= (1) ||gt - f” + ||7t - lu’H*
geC[0,1] and veJ(g)
ey DL
vo LA+l
[\ )
= > 0.
2[If1
By (5.7), this implies A & D*J(f, u)(6**). O

Theorem 5.5. Let A € rcal0,1]. If A0, 1] # 0, then for any f € C[0,1] there is u € J(f) such that
X ¢ D*J(f, 1) (07).

In particular, then

A ¢ D*J(8,0)(6").

Proof. Let A\ € rcal0, 1] with A[0, 1] # 0. The proof of this theorem is divided into two parts.
Case 1. A\[0, 1] > 0. The proof of this case is divided into two subcases.
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Subcase 1.1. There is a subset of the maximizing set of f, {s; € M(f):j =1,2,...,m}, for some
positive integer m such that

f(s;)=1fll, forji=1,2,...,m. (5.8)
In this case, we define i € rcal0, 1] by
p(sj) = ajf(s;), forj=1,2,...,m,
and
u(E)=0, forany EC[0,1]\{s;j:j=1,2,...,m},
where a;; > 0, for j = 1,2,...,m, satisfying Z;nzl a; = 1. By Lemma 5.1 in [18], we have p € J(f).
For any given t > 0, we define h; € C[0,1] by

hi(s) =t+ f(s), forallse [0,1]. (5.9)

We have
|\hel =t + | fl] and {s;:7=1,2,...,m} C M(h), foranyt>O0. (5.10)
Then, for any ¢ > 0, similar to (5.3), we define y; € rcal0, 1] by

pe(sj) = aghi(sj) = aj(t + f(s5)), J=1,2,...,m,

e w(E) =0, forany EC[0,1]\{s;:5=1,2,...,m}, (5.11)
where «; is given in (5.3), for j = 1,2, ..., m. Then, yy € J(h). By (5.3) and (5.11), we have
llpe — pl|« =, foranyt > 0. (5.12)
By (5.9) and (5.12), we obtain
(hespe) — (fyp), astlO. (5.13)
By (5.12) and (5.13), calculating the limit in (5.7), we have
lim sup o= 1) lim sup Ao = )

)= Mg = Fl 1y = alle ™ )= e = FIT+ e — ]«
g€eC[0,1] and v J(g)
, tA[0, 1]
= limsup ——
) 2t
A0, 1]

=252
5 >

By (5.7), this implies A & D*J(f, 1) (6**).

Subcase 1.2. Suppose that such a subset satisfying (5.8) of the maximizing set of f does not exist.
That is,

f(s) <|Ifll, foralls e [0,1]. (5.14)
This implies
A :=max{f(s) : s €[0,1]} <[ f]-

In this case, there is a subset of the maximizing set of f, {s; € M(f) : for k=1,2,...,n}, for some
positive integer n such that

f(se)=—=|fll, fork=1,2,...,n
Then, we define i € rcal0, 1] by
pw(sk) = Brf(sk), fork=1,2,...,n,

and
w(E) =0, forany E C[0,1]\{sx:k=1,2,...,n}, (5.15)
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where 3, > 0, for k = 1,2,...,n, satisfying >, B = 1. By Lemma 5.1 in [18], we have p1 € J(f).
For any positive number ¢ with 0 < t < (|| f|| — A), we define u; € C[0,1] by
ur(s) =t + f(s), forallse[0,1].

This implies

ur(se) = t+ flse) = [l f +t, fork=12....n
Forany 0 < t < 1(|| || — A) and for any for k = 1,2,...,n, we have

flsp) 2t < —|IfIl+(IfIl—A) =—-4, fork=1,2,...,n.
This implies that, for any 0 < ¢ < (|| f|| — A), we have
f(sp)+t<—(A+1t), fork=12,...,n.
Then, for any 0 < t < 3(||f|| — A) and for any k = 1,2,...,n, u(s,) satisfies
u(sp) = —fll +t = f(sr) +¢ < fs) +t=wu(s), if f(s) <0,
and
w(sg) = —||fll +t=f(sp) +t < —(A+1t) < —=(f(s) +1t) = —ue(s), 1if f(s)>0.

This implies that, for any 0 < ¢ < (|| f|| — A),

@) [luell = 7] =&
() {sp:k=1,2,...,n} C M(u).

By (5.15), for any 0 < t < 3(||f|| — A), we define 4i; € rcal0,1] by
pe(sk) = Be(f(sk) +) = Brue(sk), fork=12,...,n,

and
pe(E) =0, forany E C[0,1]\ {sx:k=1,2,...,n}, (5.16)
where (3}, satisfies (5.15). Then, ¢ € J(uz), for any 0 < ¢t < (|| f|| — A). We have
fudll = 1l =t and flue—F| =1, forany0 <t < (|f] - A) G.17)
By (5.15) and (5.16), we have
I —plle =1, forany 0 <t < (7] - A). (518)
By (5.17) and (5.18), we obtain
(ut, pe) — (fyp), ast]O. (5.19)
By (5.18) and (5.19), calculating the limit in (5.7), we have
(Ag—1f) (Awe = f)

lim sup > limsup
=) Mg = Fll+H 1y = sl ™ up)— e lue = FIL 4 [l — ]
g€eC[0,1] and v J(g)

) tA[0,1]
= lim sup
£10 2t
A0, 1]

= 0.
5 >

By (5.7), this implies A ¢ D*J(f, j1)(6**).
Case 2. A[0,1] < 0. Similar to the proof of Case 1, the proof of Case 2 is also divided into two
subcases.
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Subcase 2.1. There is a subset of the maximizing set of f, {s; € M(f):j =1,2,...,m}, for some
positive integer m such that

flsi) ==l fori=1,2,....m.
In this case, we define h; € C[0, 1] by
he(s) = f(s) —t, foralls e [0,1].
Then, rest of the proof of subcase 2.1 is similar to the proof of subcase 1.1.

Subcase 2.2. Suppose that
f(s) > —=|fll, forallse]|0,1].

This implies
B = min{f(s) : s € [0,1]} > —|].
In this case, for any positive number ¢ with 0 < ¢ < (|| f|| + B), we define u; € C[0,1] by
u(s) = f(s) —t, forall s € [0, 1].
In this case, there is a subset of the maximizing set of f, {sy € M(f) : k = 1,2,...,n}, for some
positive integer n such that
f(sk) =||fl], fork=1,2,... n.
This implies
ut(sk) :f(sk) —t= Hf” —t fork=1,2,...,n
Forany 0 < t < (|| f|| + B) and for any k = 1,2,...,n, we have
flse) =2t > =[|fll = (If + B) = =B, for k = 1,2,...,n.
This implies that, for any 0 < ¢ < (|| f|| + B), we have
f(sg)—t>—-B+t, fork=1,2,...,n.
Then, for any 0 < t < 3(||f|| + B) and for any k = 1,2, ..., n, u;(sy) satisfies
ue(sk) = fll =t = Flsk) =t = fs) =t = w(s), if f(s) = 0;
and
ur(se) = [fll =t = f(sk) =t > =B+t >—f(s) +t = —us), if f(s) <O.
This implies that, for any 0 < t < (|| f|| + B),

@) [luell = 7] =&
() {sp:k=1,2,...,n} T M(u).
Then, rest of the proof of subcase 2.2 is similar to the proof of subcase 1.2. g

Theorem 5.6. Let f € CT[0,1] with || f|| > O that makes f** € rca*(0,1]. For anyu € C*[0,1], if
|lul| > |||l and M (uw) " M(f) # O, then, there are u € J(f) and X € J(u) such that

A ¢ DY J(f, m) (7).
Proof. For any given u € CT[0, 1], suppose ||u|| > || f|| and M (u) N M(f) # (. Then, there is a set
{s; e M(u)NM(f):j=1,2,...,m}, for some positive integer m such that
u(sj) = llgll and  f(sj) = [If[l, forj=1,2,...,m. (5.20)
We take a; > 0, for j = 1,2,...,m satisfying E;”zl a; = 1. We define p € rcal0, 1] by
”(sj):ajf(sj)a j:1727"'7m7

and
u(E)=0, forany EC[0,1]\{s;:j=1,2,...,m}.
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And, we define A € rcal0, 1] by
A(sj) = aju(sj), forj=1,2,...,m,

and

AME)=0, forany EC[0,1]\{s;:j=1,2,...,m}.
By Lemma 5.1 in [18], we have € J(f) and A € J(u). For any given ¢ > 0, we define h; by

hi(s) =t+ f(s), foralls e [0,1].
Similar to (5.20), for any given t > 0, we define y; € rca[0,1] by
pa(sj) = aj(f(sj) +1), j=12,...,m,

and

pue(E) =0, forany EC[0,1]\{s;:7=1,2,...,m}.
Then, u; € J(ht), for any ¢ > 0. Similar to the proof of the previous theorems, we have

(heype) — (fyp), astlO. (5.21)

By (5.4), we have

Ne DU = limswp LA U —me

(97)—(fo11) lg = FIl + [lv = pll
C0,1] and veJ
g€C0,1] and v€J(g) 0 . p (5.22)
— lim sup 9 YT <
- Mg =Fl+ Iy = pll
geC|0,1] and v€J (g)
By (5.21), calculating the limit in (5.22), we have
lim sup Ro—f-O-pml) > limsup by = 1) = e — 1o £
(9.7)—(f.1) lg = FIl+ 1y —=wlls = oo e = FI+ e =l
geC|0,1] and v€J (g)
110 e = Il + e — pll«
, 327 agu(sy) f(sg) =t fI1?
= lim sup
£10 [he = fIl 4+ lpe — el
_ lulllif = 01
2 £
0
= 5 > 0.
By (5.2), this implies A ¢ D*J(f, u)(f**). 0

Corollary 5.7. Let f,u € CT[0,1] with f makes f** € rca*|0,1]. Suppose that both f and u are
increasing with u(1) > f(1) > 0. Define ui, A € rcal0,1] by
p(1) = f(1), wu(E) =0 forany EC[0,1),
and
A1) =wu(l), AE)=0forany E C[0,1).
Then, € J(f) and A € J(u) that satisfy

X D*J(f, um)(f™).
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Proof. Since f,u € CT[0,1] and both f and u are increasing, this implies f(1) = || f|| and u(1) = |Ju].
Hence, 1 € M (u) N M(f). Rest of the proof is similar to the proof of Theorem 5.6 and it is omitted
here. g

Theorem 5.8. Let f € C1[0,1] with || f|| > 0 that makes f** € rca*[0,1]. Then, for any u € J(f)

cu d D*J(f, p)(f™), foranyc> 0 withe # 1,
where, (cu)(A) := cu(A) forany A € X.

Proof. Case 1. ¢ > 1. For any given p € J(f), we have

<0

cp € D*J(f, ) (f7) = lim sup
( ) (97)=(f.1) lg — FII + Il — wll«
g€eC[0,1] and veJ(g) (5.23)

— Jimn sup c{p, g —f)— (v —m f)

(9.7)—(f-1) lg = FIl+ Il — wells
g€eC[0,1] and veJ(g)

<0.

For any given ¢ > 0, we define h; by
hi(s) = (1+1t)f(s), forallse[0,1].

Then, pi := (1 +t)u € J(ht), for any ¢ > 0. Similar to the proof of the previous theorems, one can
show that

(ht7 :U't) - <f7 /J'): ast \J/ 0. (5-24)
By (5.24), calculating the limit in (5.23), we have

lmsup I N =S g Gy e S = e = )

(91)— () lg = fIl+ Ny =wlls ™ g e = Fll+ e = pll«
g€C0,1] and y€J(g)

C<N’ tf> — <t:U’7 f>

= lim sup
o e = fIF+ e — pll
(= ]S
2/
_ (e=DIf]
= > > 0.

By (5.23), this implies cu ¢ D*J(f, ) (f*).
Case 2. 0 < ¢ < 1. In this case, for every 0 < ¢t < 1, we define

hi(s) = (1 —1t)f(s), forallse|0,1].
Similar to the proof of Case 1, one has
— 1— 2
oy S0 = () (1= 0]

0o Mhe = fll+ e = pllse = 2017
(1 =)l

:f>0.
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6. CONCLUSIONS AND REMARKS FOR FURTHER STUDY

As it was mentioned in Section 1, the Mordukhovich derivatives have been widely applied to several
branches of both pure and applied mathematics (see [3, 4, 5, 6, 7, 25, 26, 27, 28, 29, 30, 31]). We believe
that one of the most important applications of the Mordukhovich derivatives is to define the cover-
ing constants of the considered mappings, which play a crucial role in the Arutyunov Mordukhovich
Zhukovskiy Parameterized Coincidence Point Theorem (It has been simply named as AMZ Theorem
(see [25, 26, 27, 28])). We review the concept of covering constants.

Let X and Y be Banach spaces and let U and V' be nonempty subsets in X and Y/, respectively. Let
F: X =2 Y be a multifunction (a set-valued mapping). The covering constant for F': X =2 Y at point
(Z,y) € gph F is defined by (see (2.6) in [3])

A(FE5) = supinf {|2" - =" € D F(a,)(w), & € Bx (), y € Fl) By (,0), - =1}
n>
(6.1)
Here, || - | x+ and || - ||y~ denote the norms in X* and Y'*, respectively. Bx (&, n) is the closed ball in X centered

at Z with radius 7, and By (7, 1) is the closed ball in Y centered at § with radius .

(AMZ Theorem (Theorem 3.1 in [3])) Let the Banach spaces X and Y be Asplund and let P be a topological
space. Let F: X = Y and G(-,-): X x P = Y be set-valued mappings. Let Z € X and § € Y with § € F(z).
Suppose that the following conditions are satisfied:

(A1) The multifunction F': X = Y is closed around (Z, 3).

(A2) There are neighborhoods U C X of Z, V C Y of g, and O of p € P as well as a number 8 > 0 such that
the multifunction G(-,p): X =2 Y is Lipschitz-like on U relative to V for each p € O with the uniform
modulus 3, while the multifunction p — G(Z, p) is lower/inner semicontinuous at p.

(A3) The Lipschitzian modulus 3 of G(-,p) is chosen as 8 < &(F,Z, ), where a(F,Z, %) is the covering
constant of F around (Z, §) defined in (6.1).

Then for each a > 0 with § < o < @(F, Z, y), there exist a neighborhood W C P of p and a single-valued
mapping o: W — X such that whenever p € W we have

dist (7, G(z,p))
a—f ’

We believe that the AMZ Theorem is a very important theorem in nonlinear analysis, which will be very useful
to prove the existence of solutions for some stochastic optimization problems, stochastic equilibrium problems,
stochastic variational inequalities, and so forth (see [25, 26, 27, 28]).

Let X be a Banach space with dual space X*. In general, the normalized duality mapping J: X = X*isa
set valued mapping. Since X can be embedded into X ** as a subset, by definition (1.1), for x € X and 2* € X*
with 2* € J(z), the Mordukhovich derivative of .J at (z, z*) is a set valued mapping D*J (z,z*): X** = X*.
In particular, by X C X**, we have

D*J(z,2*)(z) C X*, forany z € X C X**. (6.2)

F(o(p)NG(o(p),p) #0 and [o(p) —z|x <

From the conditions of the AMZ Theorem and the definition of the covering constant (6.1), we notice that if
one intends to put the normalized duality mapping .J into account in the application of the AMZ Theorem, the
considered Banach space Y in the AMZ Theorem must be replaced by X ™. Then, one firstly needs to explicitly find
the Mordukhovich derivatives of .J, then, one secondly has to calculate the covering constant for J: X = X™.
This raises the following problems for interested readers to consider.

Problem 1. Let X be a (general) Banach space with dual space X*. Let x € X and z* € X* with 2* € J(z),
then,

(i) What is the explicit Mordukhovich derivative D*.J(z, z*)(z) of J at (z, z*), for z € X C X**.
(i) What is the explicit covering constant for J at (z, z*)? That is, for © € X and 2* € J(x),

a(J,x,x*) ="

Problem 2. In particular, let X be a uniformly convex and uniformly smooth Banach space with dual space X *.
Let z € X and z* € X* with 2* = J(x), then,
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(i) What is the explicit Mordukhovich derivative D*.J (z, z*)(z) of J at (z,z*), for z € X = X**?
(ii) What is the explicit covering constant for J at (x,2*)? That is, for x € X and 2* = J(z),

a(J,x,x*) ="
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APPENDIX. SOME PROPERTIES OF THE NORMALIZED DUALITY MAPPING IN BANACH SPACES

The inverse of the normalized duality mapping .J is denoted by J~!, which is a set-valued mapping from X*

to X such that, for any ¢ € X*, we have
J N o)={ze X pc i)

Then, for any = € J (), we have ||z = |||/« For z,y € X, if J(x) N J(y) # 0, then x and y are said to
be generalized identical (see [24]). For z € X, the set of all its generalized identical points is defined and denoted
by

S(z)={ye X :Jx)NJ(y) #0}.

The generalized identity has the following basic properties (see [24]).

(@) = € (), forany = € X;
(b) [lyll = [|lz|], for any y € ().

We list some properties of the normalized duality mapping below for easy reference. For more details, one

may see Sections 4.2-4.3 and Problem set 4.2 in [28] and [12, 17, 23, 25].

(J1). For any z € X, J(x) is nonempty, bounded, closed and convex subset of X *;
(J2). J is the identity operator for Hilbert space H;
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. J(0) = 0" and J1(6%) = 6;
. For any z € X and any real number o, J(azx) = aJ(x);

- Forany z,y € X, j(x) € J(z) and j(y) € J(y), (j(z) — (9), = — ) = O,
. Forany z,y € X, j(z) € J(z),and j(y) € J(y), we have

2(i(v), = —y) < [l=l* = lyll* < 2(5(x), = — w);
(J7). X is strictly convex if and only if .J is one-to-one, that is, for any z,y € X,
v#y = J(@)NJ(y) =0
(Jg). X is strictly convex if and only if, for any x,y € X with z # v,
j(z) € J(x) and j(y) € J(y) = ((z) = j(y),z —y) > 0;
(Jo). X is strictly convex if and only if, for any z,y € X with ||z]| = ||y]| = Ll and = # v,

NN N TN
S
S N N N

p € J(x) = 1—{p,y) >0;

(Ji0). If X* is strictly convex, then J is a single-valued mapping;

(J11). If X is reflexive, then X is smooth if and only if J is a single-valued mapping;

(J12). If J is a single-valued mapping, then J is norm to weak* continuous;

(J13). X is reflexive if and only if J is a mapping of X onto X*;

(J1a). If X is smooth, then J is a continuous operator;

(J15). J is uniformly continuous on each bounded set in a uniformly smooth Banach space;
(Ji6). X is strictly convex if and only if () = {z}, for every z € X.



	1. Introduction and Motivations
	2. Preliminaries
	3. The Normalized Duality Mapping in lp, with 1 < p < 
	4. The Normalized Duality Mapping in General Banach Space L1(S)
	5. The Normalized Duality Mapping in (general) Banach Space C[0,1]
	6. Conclusions and Remarks for Further Study
	Statements and Declarations
	Acknowledgments
	References
	Appendix. Some Properties of the Normalized Duality Mapping in Banach Spaces

