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A STRONGLY CONVERGENT SELF-ADAPTIVE INERTIAL ALGORITHM FOR BILEVEL
EQUILIBRIUM PROBLEMS IN HILBERT SPACES
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GEORGE AKUCHU!
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ABSTRACT. In this work, we introduce a novel modified inertial iterative algorithm for solving bilevel
equilibrium problems involving pseudomonotone bifunctions in real Hilbert spaces. The proposed scheme
incorporates a self-adaptive step-size strategy, eliminating the need for prior knowledge of Lipschitz type
constants and enhancing its practical applicability. Under mild and easily verifiable assumptions, we es-
tablish the strong convergence of the algorithm to the unique solution of the bilevel equilibrium problem.
The convergence analysis relies on a set of innovative techniques that differ significantly from existing
approaches in the literature, thereby contributing new theoretical insights to the study of equilibrium
problems. In addition, we provide comprehensive numerical experiments to demonstrate the effective-
ness and robustness of the proposed method. Comparative results indicate that our algorithm outperforms
several well-known iterative schemes in terms of convergence speed and computational efficiency, mak-
ing it a promising tool for solving complex hierarchical equilibrium models.

Keywords. Inertial extrapolation; Bilevel equilibrium problem; Bifunction; Strong convergence; Hilbert
spaces.
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1. INTRODUCTION

Let H be a real Hilbert space and C a closed convex subset of H. Let f; and f> be bifunctions from
H x H to R such that fi(z,2) = 0and fa(x,2) = 0forall z € H. The equilibrium problem associated
with f; and C is denoted by EP(C, f1) and is defined as follows:

Find 2* € C such that fi(z*,y) > 0Vy € C. (1.1)

Let I' denote the solution set of EP(C, f2) (1.1). A bilevel equilibrium problem (BEP) is the equilibrium
problem whose constraint set is the solution set of the equilibrium problem EP(C, f1) (1.1) and is defined
as follows:

Find z* € T such that fo(z*,y) > 0Vy € T. (1.2)

The equilibrium problem EP(C, f1) (1.1) is very general and interesting as it includes as special cases
some very important Mathematical and optimization problems such as Nash equilibrium problem, Com-
plementarity problem, fixed point problem, Saddle point problem e.t.c (see for example [1, 2, 3, 5]). The
concept of equilibrium problems was first studied by Muu and Oettli [26] and also later by Blum and
Oettli [7]. Some authors refer to equilibrium problems as KyFan inequality problems [15]. An im-
portant and valuable research topic in equilibrium problems theory involves developing new iterative
algorithms, refining existing ones to boost computational efficiency and analyzing their convergence
properties. The equilibrium problem EP(C, f1) (1.1) has streamlined various specific problems into a
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cohesive and accessible format, drawing substantial interest in recent years. Many iterative approaches
have recently been developed to approximate solutions of EP(C, f2) (1.1) (e.g [4, 16, 17, 22, 27, 28, 31]).

In [10], Hieu et al. introduced two extragradient-type algorithm in the frame work of Hilbert Spaces.
In the first method, they assumed that the Lipschitz type constant of f; is known, while in the second
method, the Lipschitz type constant is not required as an input parameter. The established strong
Convergence results were validated through numerical experiments.

Recently, algorithms incorporating inertial extrapolation terms have gained attention due to their
evident reduced number of iterations and CPU time. Such iterative algorithms have been effectively
applied to various problems, demonstrating that inertial extrapolation terms significantly boost con-
vergence speed (See [11]). Strong convergence of the inertial extragradient method for EP(C, f2)(1) is
achieved in [12, 13] when f; is strongly pseudo monotone and the step sizes {\j} satisfy kh_}rgo Ay =0

[e.°]

and > A\ = co. However, strong pseudo monotonicity is relatively a strong condition and this type
k=1

of step size can slow down the process due to its slow parametrization.

Vinh and Muu [8], proposed a method combining the Halpern technique with inertial extragradient
method to solve EP(C, f1)(1.1). Using their proposed algorithm, they obtained a strong convergence
result when f] is pseudo monotone and the step size { A} requires a prior knowledge of Lipschitz-type
constants of f;. However, this method has limitations since in many applications, the Lipschitz-type
constant of fj is either unknown or difficult to determine or even estimate.

On the other hand, the concept of bilevel equilibrum problems was introduced by Chadli et al.[9].
Bilevel equilibrum problems are significant and intriguing because they unify a range of very important
classes of problems which include: optimization over equilibrium constraints, hierarchical minimiza-
tion problems, and complementarity problems. An aspect of bilevel equilibrium problems which is
applicable to real world problems is that of variational inequalities over fixed-point set of firmly non-
expansive mappings, which is applied to power control problems in Code Division Multiple Access
(CDMA) networks (See Liduka [18]). For additional information and examples on the specific cases of
bilevel equilibrium problems (see [14, 19, 25]).

Many methods for solving bilevel equilibrium problems have been widely studied. In 2010, Muodafi
[24] proposed a proximal method and proved the weak convergence to a solution of BEP(2). In 2014, Quy
[29] proposed an iterative scheme that combines the proximal method with the Halpern method to solve
BEP for monotone bifunctions and fixed point problems. For more details and recent advancements in
methods for bilevel equilibrium problems (see [6, 10, 32]). Motivated by these works above on BEP,
Yuying et al. introduced a method for finding the solutions for BEPs where f] is strongly monotone, f
is pseudo monotone and Lipstchitz-type continuous. Precisely their iterative algorithm is as follows:

Algorithm 1.1. Initialization: Choose zg € H,0 < p < %,

the sequences {ay} C (0,1),{nx} and {\;} are such that

4 o
1' = =
ki}rgoak O,Zak 00
k=0
k—o0

- 1 1
o2’ 21

Set kK = 0 and go to step 1.
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Step 1. Compute

1
= in{ )\ Ny — 2
Yk arggbezg{ kfa(zr, y) + QHy i ||7}
in{ Anfa( )+1H I1”}
yA = argmwn — — X
k gyGC nJ2\Yk, Y 9 Y k

Step 2. Compute wy, € 02 f1(2k, 21) and

Tyt = Mk + (1 — k) 2k — Appaw
Set k = k + 1 and go back to step 1.

They obtained a strong convergence result, but the dependence of their step size on the Lipschitz-
type constant is a set back. To overcome this problem, they introduced another algorithm which does
not require a prior knowledge of the Lipschitz-type constant, but involves a line search method.

Algorithm 1.2. Initialization: Choose xg € C,0 < p < %, p€(0,2),y€(0,1)
the sequences {\}, {¢x} and {« } are such that

o0 o
lim oy =0, g ak:oo,g ai<oo
k—o0

k=0 k=0

)‘k € [A,X] - (0700)7 gk € [é?g] - <072)
Set kK = 0 and go to step 1.

Step 1. Compute

. 1
ye = argmin{ A fo(zr,y) + 5lly — 2al*}
yel 2
Ify» = xy then set uy = xj, and go to step 4. otherwise, go to step 2.

Step 2. (Armijo line search rule): Find [ as the smallest positive integer number satisfying
zky = (1= )z + 7'y,
p
Fo(zhgs wx) = fo(zin yk) > 5= llor — uil®
2k
Set zj, = 2 and v, = A

Step 3. Choose ty, € 02 f1(2k, xx) and compute ur, = Po(xp — Epdxty)

fo(zk, xk)
AR

Step 4. Compute wy, € 02 fa(ug, ux) and

where §;, =

Ty = Po(up — appwy)
Set k = k + 1, and go back to step 1
Using Algorithm 1.2, Yuying et al. proved a strong convergence result for the approximation of the

solution of BEP(1.2). However, its Achilles heel is the line search method which involves an inner-
iteration that requires extra computation and execution time.
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In order to overcome the set-backs inherent in Algorithm 1.2, Jolaoso et al.[20] proposed an inertial
self-adaptive subgradient extragradient method for solving BE P(1.2) in real Hilbert Spaces. Precisely,
the algorithm proposed by Jolaoso et. al. [20] is as follows:

Algorithm 1.3. Initialization:

2
Choose xg,x1 € Hya > 3, 0 > 0,0,9 € (0,1),0 < pu < (LJf)Q,{ak},{ék},{fk} € (0,1) satisfy-
ing.
( o
1' = 0 =
im0 =0 2 o = o0
0<5k§1—04k, lim 5k:(5<1,Vk‘20
k—o0
&k = o(ay) which means lim & =0.
k—ro0 (Y}

\
Set kK = 0 and go to step 1.

Step 1 : Given the (k — 1)th and k — th iterates, choose ¥}, such that 0 < 9, < ), where

min {19 & } if o # w1

" max{| |z — zp-1[]? ||k — zp-all}

1 otherwise

Compute

W = T + ﬁk(xk — xk—l)-

‘ 1
Yk = afgmelg{/\kfﬂwk,y) + 5”“’/& - yll*}
Step 2 : Y 1
2, = argman{ g fo(yk, y) + =||wi — y||2},
yeT) 2

where Ty, = {z € H : (xx — &k — Yr,® — yx) < 0} and & € 02 fo(wy, yx) is chosen such that
wi — Mk — Yk € Ne(yg)-

Step 3 : Pick pi € O2f (21, -)(2x) and compute the (k + 1)-th iterate via

Tpg1 = Opwy + (1 — )2 — Qpfipi,

and
’mm{)\k o(|lwr — yll” + 12 — well?) }
"2(fa(wr — 21) + fo((wrs yr) — f2 (Y, 21))
A if fo(wy — 2i) + fo(we, yr) — f2(yr, 2x) > 0
k1 =

A, otherwise

Set k = k + 1 and go back to step 1.

The authors proved that the sequence {x}} generated by Algorithm 1.3 converges strongly to the
solution of the BEP(1.2).
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Motivated by these works mentioned above, and some other related works in the literature, we
introduced an improved iterative algorithm involving the type of inertial extrapolation term considered
in [30] for solving BEP in the framework of Hilbert Spaces.

The contributions to knowledge arising from this paper include:

o The inertial extrapolation step and self adaptive step sizes in this work are different from those of
Jolaoso et al. [20].

e The process of obtaining the convergence result involves some techniques which are very distinct
from the techniques used previously by many authors in the literature.

e Our choice of the step size Ay does not involve a line search procedure or Lipschitz constant of
bifunction, hence reduces the cost of the inner loop.

2. PRELIMINARIES

Lemma 2.1. [25] Let C' be a nonempty closed convex subset of a real Hilbert space H and ¢ : C — R
be a convex, lower semicontinuous, and subdifferentiable function on C. Then z* is a solution to the
convex optimization problem min{¢(x) : € C} if and only if

0 € 9p(x7) + Ne(a7),
where 0¢(-) denotes the subdifferential of ¢ and N¢(x*) is the normal cone of C' at z*.

Lemma 2.2. [34] Suppose that f is 5-strongly monotone on H and satisfies (A4). Let 0 < v < 1,0 <
2

n<1l—a,and0 < p < ﬁ.Foreachw,y € Hwe df(r,x),and v € 02 f(y,y), we have

1A =n)z —apw = [(1 =n)y — ap]| < (1 —n—a7)llz—yl,

where 7 = 1-/1 — (28 — u(L/1)2) € (0,1].
Lemma 2.3. [33] Let {ay } be a sequence of nonnegative real numbers. Suppose that
Ap41 S (1 - ’Yk)ak: + 5]{:7 Vk 2 Oa

where the sequences {75} C (0,1) and {d;} C R satisfy the conditions:

[e.e]
)
lim v, =0, E v = oo and limsup—k <0.
k—o0 P k—oo Yk

Then limy_, o, a, = 0.

Lemma 2.4. [23] Let {ay, } be a sequence of real numbers that does not decrease at infinity, in the sense
that there exists a subsequence {ay, } of {a;} such that

akj < akj+17vj > 0.
Also consider the sequence of integers {¢(k)} >, defined for all & > kg by
w(k) = max{m : a; < am41}-

Then {(k) } >k, is nondecreasing sequence verifying klim (k) = oo and for all £ > ko, the following
- —00

estimates hold:

(k) < Ap(k)+1 A0 Ak < Qg (k)11
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3. MAIN RESULTS

In this work, we assume that the following conditions hold:
Conditions A

Al fi(z,-) is convex, weakly lower semicontinuous and subdifferentiable on H for every fixed
rz e H.

A2 fi(-,y) is weakly upper semicontinuous on H for every fixed y € H.

A3 fi is B-strongly monotone on H.

A4 Foreachz,y € H, there exists L1 > 0 such that ||jw—uv|| < L1||z—y||, Vw € o f1(z, x), Vv €
D2 f1(y,y).-

A5 The function  — 05 f1(x, x) is bounded on the bounded subsets of H.

A6 fo(x,-) is convex, weakly lower semicontinuous, and subdifferentiable on H for every fixed
z € H.

A7 fa(-,y) is weakly upper semicontinuous on H for every fixed y € H.

A8 f5 is pseudomonotone on C' with respect to T, i.e., fo(z,2*) < 0,Vx € C,z* € T.

A9 f5isLipschitz-type continuous, i.e., there are two positive constants L{Q ) ng such that fo(x,y)+
foy:2) 2 fow,2) = L lle = y|* = LE|ly = =% Yoy, 2 € H.

A10 fo is jointly weakly continuous on H x H in the sense that, if z,y € H and {z,,},{y,} € H

converge weakly to x and y, respectively, then fo(xy,yn) — fo(z,y) asn — oo.

Conditions B
(B1). {ax} C (0,1) is non-increasing with klim ap =0and > 77, ap = 00;
—00

(B2). 0 < ) < py1 <V < 3.

(B3). {0} C (0,1) is non-increasing with kl;rgog—i = 0. and oy, (1 - O”‘T"/\> > Okt1-

Algorithm 3.1. Initialization: Take € (0,1),7 € (0, %} ,A1 > 0, and nonnegative sequence {1y}

such that Y72 | ¢ < oo and 7 € (0, j—fﬂ?) Let xo, 21 € H be arbitrary.
2
Iterative step: Given x;_1 and zj (k > 1), calculate xj 1 as follows:
Step 1: Compute uy = opxo + (1 — ox)xg + Fp(Tr — TK—1)
Step 2: y, = C”'ngin{/\ku(Uka y) + 5lly — ukl*},
ye

Step 3: 2, = a?“gfgin{)\kfz(yk,y) + 3y — url?},
ye

step 4: wy, € Oaf1(2, 21) and zp1 = (1 — 7)ug + 7(2K — apywy)
And update:

5 (lue—yr ] +Hlze—ye ) } .
Aoyt = { mln{ o s Ak + U o, if x>0 (3.1)

A + Y, otherwise,

Xk = fa(uk, zi) — fauk, yu) — f2(Yk, 2k)-
Set k:=k+1 and go back to step 1.

Lemma 3.2. (see [21]) The sequence {\} generated by (3.1) is well defined and klim Ar = A where
—00

oo
A€ [min{m, A, M Y= kzlwk and L{Q > 0 is the Lipschitz constant of A.
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Proof. If x}, > 0, then
5k — ywell® + llz — wrll?) o gl — yill” + llz — wrll?)
Xk T LP{luk — el + L 2k — vl
1
2 max{L{*, LI}
, A1}. Also, from the definition of Ag, we have A\, < A\ + 1, where

(3.2)

Thus A\ > min{ —*&——
ko= {2max{L{2,L£2}

1 = > 1. Thus, the sequence {\;} defined in (3.1) is bounded and

k=1
)\k; S [mln{Q{fw}, )\1}7 >\1+17Z)] Let (>\k+1—)\k)+ = maX{O, (>\k+1—/\k)} and ()\k+1—>\k)_ =
max{Lj?,L;
max{0, —(Ag+1 — Ax)}. By the definition of A, we have
> ks = M)t <) v < oo
k=1 k=1

oo o
which implies that the series Y (Ag11 — Ax)T is convergent. Next, we show that > (Ag11 — A\g)~ is
k=1 k=1

convergent. Assume that > (Ag11 — Ag)~ = o0. Since Apr1 — A = (M1 — )T — N1 — Me) 7,
k=1

then
m o0 o0
Ampt = A= (ke = M) = D = M) =D (A — M)~
k=1 k=1 k=1
Letting m — oo, we have lim \,, = —oc. This is a contradiction . Hence, we deduce that lim Ay = A
m—00 k—o0

and \ € [Inim{2 b AL+l O

N
max{L{?,L3’}

Lemma 3.3. Let the conditions A and B be satisfied and let {x)} be the sequence generated by Al-
gorithm 3.1. Let & be the unique solution of BEP (1.2) and v € 92 f(Z, Z). Then there exists a natural
number N such that forall kK > N,

_ aEnT - aRnT
o =22 < (1= 2 ) e — 2l = (1= ) s — el

2
+ragy? <5 + 1) HU”2

Proof. Observe that from the definition of y; and Lemma 2.1, we have that

0 € Ba{Mfolu ) + 3 1y — wall?} () + N
Therefore, there exist w € 02 fa(uk, yx) and w € Ne(yx) such that

Apw + yr — up +w = 0. (3.3)
Since w € N¢(yk), we have

(W,y —yx) <0,¥y € C. (3.4)
Using (3.3) and (3.4), we get

Ae{w,y = yr) = (ur = Yk, y — yr), Vy € C.

This with z;, € C, implies

AW, 21— Yr) > Uk — Yio 2k — Y- (3.5)
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However, since w € 05 fa(ug, yx), we have

fa(ur,y) — folur, yr) = (w,y — yx), Yy € H. (3.6)

Letting y = 2, in (3.6) gives

f2(uk> Zk) - fQ(uk’7yk’) > ('LU, 2k — yk) (37)
We then obtain from (3.5) and (3.7) that
e (fa(ur, 26) — fo(ur, yk)) > (uk — Yk, 2k — Uk)- (3.8)

Again, from the definition of zj, we have

0 € BalMefaluns ) + 31y — wrlPl (o) + Noap)

Therefore, there exist u € 92 fo(yx, 21) and @ € N¢(zx) such that

A+ 2 —up +u = 0. (3.9)
Since u € N¢(zy), then
(t,y — 2zk) <0, Vy € C. (3.10)
It follows from (3.9) and (3.10) that
e,y — zx) > (ug — 2,y — 2x), Vy € C. (3.11)

Moreover, with u € 05 f2(yk, 21 ), we have

fo(Ursy) — fo(Yk, 26) > (u,y — 2x),Vy € H. (3.12)
We deduce from (3.11) and (3.12) that

Me(f2(ye-y) — fo(yr, 26)) = (uk — 2k, Y — 2k)- (3.13)
Combining (3.8) and (3.13) yields

226 (f2(y, y) + folur, zx) — folur, yx) — fo(yr, 21)) > 2{up — 2,y — 2k)
+2(yr — U, Uk — 2). (3.14)

Now for fo(uk, zx) — f2(uk, yx) — f2(yk, 2) > 0, we have that

) < e = yell” + 12 — yxl®)

Ja(ur, z1) — fo(ur, yu) — fa(yr, 2z1) < et : (3.15)

It can easily be seen that (3.15) is also true for fo(ug, zx) — fo(ug, yx) — f2(yk, zx) < 0. Furthermore,
from (3.14) and (3.15), we obtain

e (lue — yell® + llzk — yell?)
2A k11

2k f2 (Y, y) + > 2up — 2,y — 2)
+2(yr — ug, Y — 2k)- (3.16)

But
2(up — 2, 25 = 9) = g = ylI* = llu — 2ull* = 2 — ylI? (3.17)

and

2(uk — Yk, 2k — k) = llue — vell® + 1126 — vell® — llue — 2l (3.18)
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Substituting (3.17) and (3.18) into (3.16), we realise

UAE oy
lo =9l < =yl = (1= 225 o — il = (1= 25 ) 2 — el
Py Ak+1

+2Mk fo(Yk» v)- (3.19)

Letting y = Z € I then we have f5(Z, yi) > 0, Vk. Thus it follows from Condition A8, that fa(yx, Z) <
0, Vk. Therefore, (3.19), yields

_ _ A Ak
lze —2)? < flug — 2]~ (1— 2o >||yk—uk\|2 (1 . )”Zk—yk||2 (3.20)
Ak+1 Akt1

From hm (1 — ﬂ) = 1—pu > 0, it follows that there exists N € N such that 1 — “Ak >0,Vk > N.

k—o0 Akt

Thus we have from (3.20) that Vk > N

low —2* < flue — 2. (3:21)
Let v, = 2 — agywy, so that
Tpr1 = (1 — 7)ug + Tug. (3.22)
Then it follows from Lemma 2.2 that
low = 21> = [lzs — axywy, — Z?

|2k — arywy, — (T — ayv) — o]

< (llzk — arywr — (2 — apyo) || + lawyol])?

< (1= arn)llze — 2 + [laryol)?

= (1 —on)?(lzk — Z[]* + [lewyol|* + 2(1 — cxm) | 26 — 2| [|eseyo|

< (1—apn)llze — 27 + lloxyol|* + 2(1 — cn) || 2k — [l (3.23)

Using the inequality ab < % + #,Va,b € Rande > 0, witha = (1 — agn)l||zx — Z||, b = ||axyv]]

and € = %, we obtain
_ (1 —apn)?llzr — z]* | 2(1 — agn)? 2
_ _ <
2(1 = agn)[lzk — z[l[|axyoll < 20 —ann)? Al kol
agn
a 2(1 — agn)?
S B Gk L S PRI} (3.24)
2 Qy

The substitution of (3.24) into (3.23) and (3.21), gives

oo —al? < (= awmllen— a2 + oz — 71 + 2 o2 2o
(= By 2 a2
< (0= D=l e (= + o) o
< (=Dl =l + o (- + 1) ol
< (0= 2Dl =l + axr? (S + 1) ol (325)
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[\

It then follows from (3.22) and (3.25) that
(1= )l — 2[* + 7llog — 2| = 7(1 = 7) Jug — vg||?

_ Qg _ 2
(1=l = 22+ 7 (1 = 50 g — 72 + m,w?(5 +1) ol

241 — 2

IN A

—7(1 = 7)[Jug, — vi)?
aEnT 3 2
(1— 7 )Huk—xHZ—i-Takny(;—i—l)HvH2

2
—7(1 = 7)[Jug — ox*. (3.26)
Furthermore, x;11 = (1 — 7)uy + Tvy, implies
Th+1 — U = —T(ll,k — ’Uk>
and therefore,
1
—sllre = gl = Jlug — o). (3.27)

Combining (3.26) and (3.27) and observing that l;—T >1>1— “&% we obtain

_ T ~ 2
oy =2l < (1= S50 ) = 2l + raa? (5 1) ol
1—71
- 41 — k]|
aEnT _ aEpnT
< (1= 2 e — 2 = (1= 25 ) s — el
2 2
2

+Tagy? (5 + 1) [ v]|2. (3.28)
O

Lemma 3.4. Let the conditions A and B be satisfied and let {x}} be the sequence generated by Al-
gorithm 3.1. Let Z be the unique solution of BEP (1.2) and v € 02 f1(Z, Z). Then there exists a natural
number N such that for all K > N,

_ QEnNT
o —al? < (1- 50
—okt1llzo =z |* + oxllzr — woll? + Oxllzk — ZI° = Ipallor—r — 7

2
== 30k = o) = ka7 + oy (2 4+ 1) ol

2 — 2| = 20541 l|@p1 — zill® + 20k ||k — 21|

aEnT

_2Uk<1_ )(xk—:i,xk—m()}.

Proof. From uy, = oxxo + (1 — o)xk + Vi (zr — xi—1), we have
lug = 2|> = llog — 2| + |9k (zx, — 25-1) — on (g — zo) ||
+2(z, — 20, Vg (zp — Th—1) — ok (x) — T0))
= ka — fHQ + 2”9k<mk — X, T — :L'k_1> — 20’k<$k —Z,Tk — $0>
+||19k(33k — xk_l) — O'k(.xk — :CQ)H2. (3.29)
Placing x1 in the position of Z in (3.29), we have
lug — zeall® = llze — zesa I + 20k (2 — Tpgr, T — TH1)
—204 (T — Tht1, Tk — o)
+||’l9k(l‘k *xk—l) *O’k(l‘k*xo)HQ. (3.30)



ARTICLE RUNNING TITLE HERE 11

Thus, it follows from Lemma 3.3, (3.29) and (3.30) that

_ QEnT _ _
lzers — 2|2 < (1 - )[ka — | + 20k (xk — T, 2k — TH1)

—204(xp — T, 2 — 20) — ||Tk — Tpgr || — 20k (mp — T, Tp — 1)

2
+20% () — Tht1, T — To)] + TarY <5 + 1) o]

QEnT - _
= (1= =) e — 2l + 204 — &, 0 — -1

—203(z, — T, wp — w0) — |2 — Tpp|? + Ol — 2 |
0|z — ze—1]® — Ikll(@r — zps1) + (@ — 2p—1)|?

2
+2Uk<xk — Tht1, Tk — $0>] + Tak72 (H + 1) H’UH2 (3.31)
Hence,
_ aEpnT _ _
o =22 < (1= 25 ) llax — &2 + 208 (ox — 7,25 — 71)

—20’k<$k — X, T) — LL‘Q) — ||$k — Ik+1||2 — 219k<xk — X, T — xk_1>

2
F20{ai = wsn,k — o)) + ru? (4 1) ol

aEnT
= (1= =) e — 2l + 200 — &, 2k — 21)

—205(xk — T, 2 — 20) — ||o% — T | + Ixllwp — 2ppa]?
—Opller—r = Z* + Opllan — wpa |+ Okllog — 2 + gl -z
—oplwo — i1 |® + okllTrer — 2kl + oxllak — 20l|]

2
e (1) ol (332)

which implies

aEnT

ok — 2l < (1~

O (|lzk — 2))* = owr—1 — 2) — (1 — 9% — 20k41 — o) |kt — z]?

Yl = 311° = 2011 — 2l + 20l — e 2

2
~o(lro — i~ e = o) + 7?4 1) ol

aEpnT

—20} (1 — ><37k — T, Tp — $0>. (3.33)

Now, with the conditions that {0} is non-decreasing and oy, (1 — %) > 041, then from (3.33), we

obtain
_ agnT
o —al? < (1-=EC)1

—O(lae — 2)* = [|or—1 — Z[1*) = (1 = 30k41 — %) |@pgr — @l

zp — Z)|* = 2041 | wpsr — ml” + 20k |2k — 2|

2
toullan = 2ol)] = owralleo — wraa |+ rawr (2 4+ 1) ol

aEnT

—207y, (1 — ><:ck. — T, — T0)- (3.34)
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Lemma 3.5. Let the conditions A and B be satisfied and let {x} } be the sequence generated by Algo-
rithm 3.1. Let T be the unique solution of BEP (1.2). Suppose

lim |2k — k|| = 0.
k—o0
and
lim (Jogsr — 2% = Dellax — 2]%) = 0.
k—o00
Then {x}} converges strongly to .
Proof. By assumption, we have

0= lim (|21 — 2| — Oxllox — Z[?)
k—o0

= lim [([|lzx1 = 2l + VIrllze = 2l)(lzx4r = 2l = VOrllze — 2])]- (335)
We claim that this already implies

(lzrs1 = 2]+ v/Ixllze — 2ll) = 0,

lim

k—o0
from which the convergence of the entire sequence {z}} to u follows immediately. Assume this limit
does not hold. Then there is a subset K C N and a constant p > 0 such that

[2kar — Zl| + VOkller — 2| = p,VE € K (336)

Using (3.35) and ¥, < 9 < 1, it then follows that

0 = 1l — || — /9 -z
Jim (fleesr — 2] sl —2l)
> limsup(flzy, — 2| = lzxr1 = zxll = Vg2 — )
keK
> limsup((1 = V)l — 2| — llzrsr — @)
keK
— (1 VD) limsup g — 2] — lim, ek — il
keK keK
= (1 =) limsup ||z — Z|. (3.37)
keK

Hence, we obtain limsupycy ||zx — Z|| < 0. Since liminfic g ||xx — Z|| > 0 holds, it follows that
limgeg ||z — Z|| = 0. This together with (3.37) implies

[2pr1 —arll = Nz — 2 — [lze — ]
_ . P
= llwrr =2l + VOrllzk — 2l = 1+ V) lzx — 2] = 5 (3.38)
Vk € K sufficiently large, a contradiction to the assumption that limgex ||zx+1 — zx|| = 0. This
completes the proof. g

Theorem 3.6. Let Conditions A and Conditions B be satisfied. Then the sequence {x}} generated by
Algorithm 3.1 converges strongly to the unique solution Z of the BEP (1.2) .

Proof. Since,

~2(zg — a*, 2 — @0) = 1T — z0]|* — [law — 2] — llaw — zol?,
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we obtain from Lemma 3.4 that
12 QENT
lowes =2l < (1-2

(6% T aenT
—2(1— k;] )U@k—i,xk—xo)Jr?ﬁk(l— k; >||~”Uk—90k—1||2

Yk = a2 + Ok — 2l

aEnT
oo — wit]]? + o (1= T ) i — o
aEnT _
O (1= ) s — 2

oEnT 201 1000T
—(1 — " > (1 — 379k+1 — Lﬁ — O’k) ka+1 — .’L’kHQ
2 2 — agnT

2
e (54 1) ol = 20k ons —

aEpnT _ _
= (1= ) ok - 3l + Ol — 2

2
aEpnT
+20 (1 - )||~’Ek — 21 ||* = oppllo — zhga |
Oékm)( 20100 ) 2
—(1- 1 — 304, — R LRI -
( 5 T g Ok k41 — 2|
aEpnT aENT _
+ak(1 - 2’7 )ka —a? - ﬁk_1<1 - 2” )||g;,€_1 — 72
oaEnT
20k 1 [|zhs1 — 2]|* — ok (1 - 277 )ka — o
aEnT _ 2
tou(1= 255 )lwo = 2P + 7o (3 +1) ol

QgnT _
—0 (1= )l — 2.

It follows from {¥;} C [0, 9], that

13

(3.39)

9 2
(1 _ O‘k2777> (1 — 31 — 20p10007 —O'k;) > (1 — oz;;nT) (1 — 39 — 20T —O'k),Vk‘ e N.

2 — agnT 2 — ognT

The condition lim o3, = lim a = 0 and ¥ € [0, %), implies that there exists N € N and > 0 such
k—ro0 k—ro0

that

29
(1 - O"“m) (1 S a2 L ak) > 6,Vk > N.
2 2 —apnt

Therefore, from (3.39), we realize

oEnT
2

+2q9k(1 —

o =2l < (1= 25 ) ok - 2l + dilon - 2

aEnT

Yl = @12 = ousllao = e

aEpnT
—dlasr =2l + 0 (1 = T )l — o
—Vg-1 (1 - >||LU1<;—1 — Z|* — 20k 41 [|zpgr — 2l
aENT QR1NT _
—ak(1 - )||:gk — o2 + crk<1 - )||m0 _ 72

2 apnT _
ran? (4 1) ol = o (1= 5 )l 2

aEnT

(3.40)
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Set Dy, = [lzg — Z||* — Og—1llzn—1 — Z||* + 20k[lzx, — zx—1[]* + ollzx — 20||*. Then Dy > 0. Since
{91} is non decreasing with 0, J;, < % and

2z, y) = ||zl + lyl> — |z -yl Va,y € H.
Then

Dy = |lzk — 2| — D1 llwe—1 — zul® + llzw — Z|* + 2{zp1 — 25, 21 — T))]
+20 )|z, — ap—1|” + okllzk — o?
= ok — 2|* — V1 [2)|we—1 — @kl + 2llak — Z|° — |wp—1 — 224 + Z||?]

+onllze — ol + 20k )|wk — 21 |)?

_ 2 _
> log — 7||* — 20| wp—1 — 2xl] + 20k 7k — 2 ])? — g”ﬂfk —z|?
+ k1| Tp—1 — 22 + Z|* + ok ||lzK — 20|
1 _
> g\lwk—wH2+0kllwk—on2 > 0. (3.41)

From (3.40) and the definition of Dy, we have

oEnT aEnT - 2
De = (1= E5) D+ o (1- 4 )Haxo—x|\2+7‘ak72<5+1)|\v||2
QENT 2
< (1= 750) Dt oleo — a1+ rauc? (4 1) ol
aEpnT 2
< (1 "50) it oo — P+ rany (1) ol
oaEnT agnT [ 2 _ 2 2
< (1= ) D+ B[ = g — 22+ =42 (5 + 1) o))
2 2 L nooAn
2 2 2
< max{ Dy, — w0 — 7l° + =42(= +1) o]2}
nr n Ui
' 2 2 52
< maX{DO,foo—xHuﬂ?(f+1)HUH2}. (3.42)
nt Ui Ui

Therefore, { Dy} is bounded and hence we have that {z}} is bounded. Since Z € I'*, we then have that
fi(z,y) > 0,Vy € I'. Therefore, Z is a minimum of the convex function f;(z, -) over I". By Lemma 2.1,
it follows that 0 € 02 f1(Z, ) + Nr(Z). Thus there exists v € 02 f1(Z, Z) such that

(v,z—7) >0,Vz el (3.43)
Hence from the inequality
lz = yl* < ll=l|* = 2(y, @ —y), Y2,y € H
and Lemma 2.2, we obtain

lux = Z2|> = |z — axywr — 2|2
= |2k — owywr — (2 — opyv) — oyl ?
|25 — arywr — (T — o) ||I* + 20067 (v, T — wg)
(1 — an)llze — )% + 2007 (v, 7 — ug). (3.44)

IA N
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Therefore, taking a similar steps as in arriving at (3.39), we have
i =2l < (1= awnr)llzy, — 2] + Olzy, — 2]
+20k(1 — cen)||z — zi-1]* = orgallzo — T |?
—Ol|lzk — 2pi|® + o (1 — )|y — 20
—Op-1(1 — agnr)|lwe—1 — Z||* — 20p41 |21 — @
or(1 — agnr)||z0 — Z||? + 2087 (0, T — uy). (3.45)
This with that definition of D,, implies that

Di1 < (1= apnr) D + or(1 — o) |lzo — 2|1 + 20y (v, T — )

Ok _ 2v, _
= (1= agnm) Dy + awnr | — ||z — Z* + (0,7 — wr)|. (3.46)
apnT nr
In the light of Lemma 2.3, then to show that Dy — 0 only requires that we show that lim sup(v, z —

k—oo
ug) < 0. We now proceed by considering two cases.

Case 1: Suppose for some ng € N large enough, we have Dy < Dy, for all £ > kq. Since Dy, >
0,Vk > 1, then klim Dy = klim Dy.41 exists. Now from (3.39), we have
— 00 —00

aEnT _ 2
Sllar = aal? < (1= F57) D= Dicea el 7l + mauey? (- + 1) ol
2
< Dy — Dys1 + apllzo — 7|2 + mm?(; + 1) ]2 = 0. (3.47)
Therefore,
2k — zp]]® — 0,k — oco. (3.48)

Also, combining (3.48) and the definition of uy, it follows that

Jug — 2kl < okllzg — 2ol + Ikllzk — 21l = 0,k — oo. (3.49)
Consequently,
k1 — upll < okt — 2kl + [lue — 2]l = 0,k — . (3.50)
Moreover,
2k — vll = cwy[Jwgl| = 0,k — oo. (3.51)

From (3.27) and (3.50), we infer
1
g, — v||* = “llzr — ugl|* = 0,k — oo. (3.52)
So that
llze — ukl|l < |2k — vkl + |Jvx — uk|| = 0,k — oo. (3.53)

furthermore, from (3.20) and (3.53), we have

UAE _ _
(1= 225 )l = el + = el < e = )2 = 12 — &
k+1
< Qg = all = ll2, — 210
< Nug — 2| M1 — 0,k — oo, (3.54)

where M7 = sup{ur — Z|| + ||zx — Z||}. Hence,

Hm [y — ug| = lim [Jy — 2| = 0. (3.55)
k—o0 k—o0
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Thus
|lzr — vkl < ek — ukll + ||lux — yel| — 0,k — oc. (3.56)

Now since {x}} is bounded, there exists a subsequence {; } of {x }which converges weakly to some
z* € H, such that

limsup(v,z —uy) = limsup(v,Z — ;)
k—o0 k—o0
= (v,T—2"). (3.57)
Furthermore, since klim |2k — y&ll = 0 and 2, — 27, then y;;, — x*.Since C is closed and convex,
—00

we have that C is weakly closed and hence z* € C. Again, from the definition of {y; } and Lemma 2.1,
we have

1
0 € Oo{ M falur, y) + 5 llur — ukl*} (yw) + No(yg)-
Thus, there exists w € N¢(yi) and w € 9a fo(ug, y) such that

Apw + Yy — up +w = 0. (3.58)
The fact that w € N¢(yg), implies that (w,y — yi) < 0 for all y € C. From (3.58), we have
Ak(w, y — yk) = (uk — Yr, ¥ — Yk), Vy € C. (3.59)
Also, with w € 09 fo(ug, yi), we obtain
So(uk, y) = folup, yk) = (w,y — yi), Vy € H. (3.60)
It then follows from (3.59) and (3.60) that
Al fo(uns y) = fo(ur, )} > (wk — Yk y — yk), Yy € C. (3.61)

Letting k = ny, and k — oo, then by Lemma 3.2 (i.e. condition on ) and condition (A10), we have
that fo(z*,y) > 0,Vy € C, and consequently, we have that z* € T'. Therefore, from (3.57), we have
that

lim sup(v, z — ug) < 0.
k—o00

Hence from Lemma 2.3, we have that D, — 0,k — oco. Moreover,
0 = lim Dgyq
k—o0
Jim [llzgs — Z)* = Okllwk — 2 + 20p11 lzerr — 2kl + orrallzess — 2ol?]
— tim [oxss — 72 — Oellox — 712, (3.62)
k—o0

Thus, it follows from (3.48), (3.62) and Lemma 3.5, that {x}} converges strongly to Z.

Case 2: Assume that {Dy} is not eventually monotonically decreasing. Then let ¢ : N — N be the
map defined for all k£ > ko(forsome ko € N large enough) by

o(k) :max{m € N:m <k,Dy, < Dpt1} (3.63)

Clearly, (k) is non-decreasing sequence such that ¢(k) — oo for n — oo and Dy < D x4 for
all k£ > ng. Hence, similar to the proof of case 1, we therefore obtain from (3.47) that

N 2
3|z o) — Tomn P < apmllzo — 2|2 + T%(m?(g +1) ol = 0. (3.64)
Thus

|’x¢(k)+1 — T (k) H — 0,k — 0. (3.65)
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Using the same technique of proof as in case 1, one can also derive the limits
Also, combining (3.65) and the definition of uy, it follows that

tpk) = Tl < Tom 1oy — Toll + pmllTo@m) — Tpmy—1ll = 0,k — oco. (3.66)
Consequently,
1Z (k)11 = o) | < [Zp)+1 = T | + Nty — Tyl — 0,k — o0. (3.67)
Moreover,
zo(k) = Vor) | = Qi)Y Wp@iy | = 0,k — oo. (3.68)
From (3.27) and (3.68), we infer
1
) — Vo I” = 3 llTpm) 1 — Uy [|* = 0,k — . (3.69)
So that
[2ok) = o) | < Nzpr) = Vo) | + V() — Uyl — 0,k — oo. (3.70)
Furthermore, from (3.20) and (3.70), we have
P (k _ _
(1= =25 ) sy — ol + 20 — o912 < ltggsy = 22 = ey — 211
Ap(k)+1
< llugry — 2l = 2w — 2 M
< |’u¢(k) — le(k)”Mg — 0, (3.71)
where My = sup{||u,k) — T + [|2pk) — Z||}- Hence,
gy = el = B [[ypm) — 20wl = 0- (3.72)
Thus
Zok) = Yoty | < N2ok) = o) | + [tpy — Yol = 0,k — oo. (3.73)

Since the sequence {7, )} is bounded, then there exists a subsequence of {z,;)} [also denoted as
{%4(x)}] which converges weakly to some z* € H. By similar argument as in case 1, we have

lim sup(v, & — uy(x)) < 0. (3.74)

k—o0

Therefore, from (3.46)

arnT) Doy < Do) = D)1

o (k) * (|2 27 —
| Ao — 2|+ L, @ —up)] s (375)
e(k) ()1 nr w(k)
which implies that
Te(k) 2L 2, -
Doy < —22lzo — Z||? + = (v, & — uy) — 0. (3.76)
(k) %(k)mH I+ o (k)
But,
0 = i Doty

= kli_g}oH%(k)H —2)* = I oy — ZI? + 20 ()11 11T o ()11 — Tl

+0 o) 1Ty 11 — xol|?

= klggo\\%(k)ﬂ —Z|* = Do |y — I (3.77)
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It then follows from (3.65), (3.77) and Lemma 3.5 that {xT(k)} converges strongly to z. Since ||z — || <
”xgo(k)Jrl — ||, we have that x;, — Z,n — oc. 0

4. NUMERICAL EXAMPLE

In this section, we give a numerical illustration of our method and we compare with the methods
reported in [20] and [34] code named “LOM”, “JOL”, and “YUY”, respectively. All codes were written
with the MATLAB 2024a software on a personal Dell laptop having a memory 8/256. The parameters
are chosen as follows:

A@mmmmaDMMMZE%MkzwﬁwwzwﬁwjquzmﬁﬂkziTz%7:1wi
AM=10Pand u=1.

[20, Algorithm 3.2] (JOL): o, = k%rl and €, = (k)(%l) Also, 0, = %, v =102, 0 = %, A = 107°
and p = 1.

[34, Algorithm 1] (YUY): o, = %_H, N = % and = 1..

Example 4.1. Let H = R and C = {y € R™ : —10 < y; < 10,Vi = 1,2,--- ,m}. Define the
bifunction fy : R™ x R™ by

fa(z,y) = (Pr + Qy,y — x), Vr,y € R™,

where P and () are randomly symmetric positive semidefinite matrices such that P — () is positive

definite. It is known that f3 is pseudomonotone and Lipschitz continuous with L{Q = % |P-Ql = LSQ ,

(see [28]). Furthermore, f5 satisfies condition A6-A10. Also, let f; : R” x R™ — R be defined by
fi(z,y) = (Az + By,y — ), Yo,y € R™
with A and B being positive definite matrices defined by
A=NT'N+mland B=A+M"'M +mI

where M, N are random matrices and [ is the identity matrix. Clearly, f; satisfies the conditions Al-
Ab, see [34]. The graph of T'ol = ||zk11 — x| is plotted against the number of iterations as shown in
figure 2.

The output of this experiment for m = 3 and m = 5 as Case 1 and Case 2, respectively is given in
figure 1.

T T T T T T
——LOM ——LOM

——JOL ——JOL

YUy YUY

102

n n n n . . . .
100 150 200 250 300 0 50 100 150 200 250 300
Number of iterations Number of iterations

FIGURE 1. Left: Case 1, Right: Case 2
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Example 4.2. Let H = L%([0, 1]) an infinite dimensional Hilbert space with norm ||z|| = 4/ fol |z (t)]?

and inner product (x,y) = fol x(t)y(t)dt for all z,y € L?([0,1]). Assume that C = {z € L?([0,1]) :
fol tz(t) = 2}. The projection onto the set C' is given by

fy te(t)dt =2

ch(t) = x(t) fl 24t
0

, x € L*([0,1]), t € [0,1].

Let the bifunction fo : L2([0,1]) x L?([0,1]) — R be defined by f2(z,y) = (Sx,y — ), Yo,y €
L%([0,1]) and S(z) = fol @ for all z € L?([0,1]). It is clear to see that f; is monotone, hence
pseudomonotone. Also fo satisfies the Lipschitz-type continuous with Ly = Lg = % Now, define a
mapping fo : L2([0,1]) — L?([0,1]) by fi(x,y) = (Tz,y — z), where T' : L*([0,1]) — L?([0,1]) is
given by T'(z(t)) = x(t) — zo. Then, f; is strongly monotone with constant 1. The stopping criterion
is chosen to be |71 1 — || < € where e = 1076, The graph of Tol = ||xj,1 — ]| is plotted against

Case | zg T
1 |29 +11t+5
t t2 + te!

2
3 | 3t] 11e? +5¢
4 | E] tsint+5

the number of iterations as shown in figure 2.

T
——LOM

. . . . .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Number of iterations Number of iterations

n n n n n . . . . .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Number of iterations Number of iterations

Ficure 2. Top left: Case 1, Top right: Case 2, Bottom left: Case 3, Bottom right: Case4
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5. CONCLUSION

An efficient modified inertial iterative algorithm for finding the unique solution of Bilevel equlibrium
problems for pseudomonotone bifunctions in real Hilbert spaces was proposed and its strong conver-
gence to the unique solution of bilevel equilibrium problems was analysed. The proposed method and
the prove of the convergence result used some ideas that are quit different from the ones mainly seen
in the literature. Lastly, with some numerical experiments, we were able to show that the algorithm
we introduced here performs better than some of its well celebrated types. Precisely, the results of the
numerical experiment show that our algorithm outperforms that of [20] and [34].
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