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ABSTRACT. Submodular functions have emerged as a class of set functions that model the law of dimin-
ishing returns in discrete functions. These functions have primarily been applied in discrete optimization
problems because they can be minimized exactly and maximized approximately. The present investiga-
tion has considered both unconstrained and constrained minimization programming problems involving
submodular set functions. It has been observed that the submodular minimization problems has an op-
timal solution if and only if its Lagrangian has a saddle point. Furthermore, the necessary and sufficient
optimality conditions for submodular minimization programs with inequality constraints have been de-
rived, which constitute the discrete analogue of the Karush-Kuhn-Tucker (KKT) conditions for convex
programming problems.
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1. INTRODUCTION

Submodularity has evolved as an important property of set functions that has frequently arisen in
various fields of research like matroids theory [5], combinatorial analysis, combinatorial optimization
[4, 24], graph theory [15, 14], network computing [25], algebra [9], conversational English speech
[19] and many more [3, 17, 26]. In recent years, submodularity has achieved significant popularity in
machine learning [7, 28] and in several emerging areas of computer science, such as document sum-
marization [18], image segmentation [16], etc. Many researcher have been exploring algorithmic and
theoretical aspects of submodular set functions for more than past three to four decades. Considering
the concept of polyhedron Edmonods [11], Fujishige [12] has developed the characterization of sub-
modular polyhedron as the base polyhedron and subdifferentials of submodular functions. Fujishige
[13] has provided optimality conditions for submodular minimization problem with (only for equality)
or without constraints using subdifferentials. Morris [20] has discussed a common theory to optimize
set functions and has obtained the necessary conditions for optimality of constrained minimization
problems with inequality constraints. Skowron [24] has presented fixed parameter tractable approxi-
mation schemes for both the minimization and maximization variants of the problem. Qian et al. [23]
has studied the general problem classes of maximizing submodular functions with or without a size
constraint and maximizing approximately submodular monotone functions with a size constraint.

Submodular functions have been interpreted as the discrete counterparts of convex functions and
have seen in various applications. Their structural properties have also been explored algorithmically.
Several researchers have employed convexity to optimize the submodular functions. Bach [1] has ex-
tended the submodular functions to convex optimization and the probability measures. Pedramfar et al.
[22] has attempted to maximize the continuous general submodular or DR-submodular functions over
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a convex set using Frank-Wolfe type offline algorithm. Chakrabarty et al. [8] has considered parallel
complexity of submodular optimization problem and has provided two methods for query versus depth
tradeoffs of a submodular function by using parallel convex optimization. Zhang and Zhong [27] have
employed submodular optimization approach for covariate selection in a problem of high-dimensional
casual effect estimation.

Submodular maximization problems under various constraints have been characterized as funda-
mental optimization problems, and significant research has been conducted to develop algorithms that
approximately optimize the multilinear extension of the submodular objective function. Oshima [21]
has considered maximization of unconstrained k-submodular functions using the improved random-
ized algorithm for non monotone functions that gives %-approximation for k£ > 3. Buchbinder and
Feldman [6] have developed a solver with 0.401-approximation for constrained maximization of DR-
submodular functions. A submodular optimization problem with chance constraints has been studied
by Doerr et al. [10], who have solved it using a greedy algorithm based on surrogate functions that
approximate constraint disruptions through Chernoff bounds. Balcan and Harvey [2] have worked on
developing algorithms for the learning theory of submodular functions and have also obtained some
novel structural results applicable in machine learning.

In this paper, a submodular function with diminishing return property has been considered. We
have defined the Lagrangian for unconstrained and constrained (with equality constraints) submodular
minimization problems and have proved that such minimization problems have an optimal solution if
and only if their Lagrangians have saddle points. Furthermore, we have developed KKT type conditions
for submodular minimization problems with inequality constraints.

2. PRELIMINARIES
Let us discuss some preliminary definitions for submodular functions.

Definition 2.1. Let V be a finite set. The power set of V' is denoted by 2" (throughout this paper). Let
A C 2V be constructed with the subsets of V and ¢,V € A. A set function i A — R defined on
A C 2V to the set of all reals R is said to be a submodular if

w(MUN) +pu(MNON) < u(M)+ p(N), for each subsets M, N € A. (1)
W.lo.g., we assume pi(¢) = O for the rest part of the paper.

Definition 2.2. The marginal value of the element i € V w.r.t., M € 2" is given by
par (1) = p(M U {i}) — p(M).
Now the set function j : 2 — R is submodular if
par (i) > pn (i), YN € 2V, M C N, i ¢ N. (Diminishing returns property) (2)

The set of all |V|-real vectors 7 := (r(v) | v € V) is denoted by R, where |V| is the cardinality of
the set V. For each M € 2V and r € RY, we can define

r(M) = Z r(v) and r(¢) =0, ¢ € 2. (3)
veEM

Definition 2.3. The submodular polyhedron P, and base polyhedron B,, of a submodular function
u: A — R are defined as

Pu={r|p(M)>r(M), reRY,YM € A}, (4)
By = {r| k) =r(E), r € Pu}. (5)

Note.1: The extreme points of the submodular polyhedron and the base polyhedron of a submodular
function are exactly same.
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3. SUBGRADIENTS AND SUBDIFFERENTIALS OF SUBMODULAR FUNCTIONS

The fundamental and most important concepts for minimizing a submodular function are subgradi-
ents and subdifferentials of a submodular function.

Definition 3.1. A subgradient € RY of a submodular function y : A — R for a subset(or at) M € A
is defined as

w(T) — p(M) = r(T) —r(M),VT' € A (6)

where A C 2V and ¢, V € A. The set of all the subgradients » € RY of the submodular function  at
M is called the subdifferential 0,,(M) of p at M, ie.,

0u(M) := {r € RY | w(T) — p(M) = (T) — r(M),¥T € A}. (7)

The above polyhedra can be defined for any set functions (submodularity is not necessary) and also
refer to this as the discrete subdifferential 0,,(M) # ¢.
Let us define the conjugate function and conjugate set with respect to a submodular set function y to
generate the concept of Lagrangian of p.

Definition 3.2. (Conjugate function)[12] Let & : A — R be a submodular function on A C 2" The
conjugate function z* : RV — R of y is defined as

*(r) = M) —pu(M)|reR"}. 8
e (r) = max {r(M) — (M) | r € RY) ®
Note that ¢, V' € A and it is not necessary that 1(¢) = 0.
Now we can define the conjugate set A* C RV of A for a submodular function p by
* = RY M) — p(M : 9
A" ={r eR" | max [r(M) — u(M)] < oo} ©)
Therefore, the submodular set function y can be constructed in a new manner for every M € A as
p(M) = max {r(M) — p*(r)}, (10)
reA*
where p* is a convex conjugate function of .

Definition 3.3. A subgradient M/ € A of a conjugate function p* : A* — R of submodular set
function i : A — R at a point r* € A* is defined by

pr(r) = () + (r = r*)(M),vr € A* (11)

the set of all the subgradients M & A of the conjugate function p* at a point 7* € A”* is called the
subdifferential 6; (r*) of pu* atr*, ie.,

() ={M € A|p*(r) =2 p*(r") + (r —1")(M),Vr € A}. (12)
From equation (8), the Young’s type inequality for the submodular set function p is defined as
p(r) + p(M) = r(M), (13)
forany M € Aandr € A*.

The following proposition will provide us information about the equality of the inequality (13).

Proposition 3.1. Suppose x4 : A — R is a submodular set function and p* : A* — R is the conjugate
function of y then,

()7 € 0, (M*) iff w*(r) + p(M*) =r(M*), for M* € A,

(i) M € Oy (r*) iff p*(r*) + p(M) = r*(M), for r* € A*.
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Proof: (i) For any M € Aand r € 0,(M™*), from (7)

p(M) — p(M*) = r(M) —r(M7),
s r(M*) = p(M*) + (M) — u(M),¥M € A
M*) > p(M* M) — pu(M
= r(M*) > u(M*) + max[r(M) — (M),
= r(M*) = p(M*) + p*(r).
Now using Young’s type inequality (13) for M* € A and r € A*, we get
p(M™) + p*(r) = r(M?),
therefore, we have
p(M™) + p*(r) = r(M?").

Conversely, let u(M*)+p*(r) = r(M™*) then by the definition of conjugate function p* of a submodular
set function p, we obtain

r(M*) = p(M*) + [r(M) — p(M)],
= u(M) — u(M*) > r(M) —r(M*),VM € A,
=1 € J,(M”).
(ii) For M € 9u*(r*), we have
pr(r) = p*(r*) + (r —r*)(M),vr € A
= (M) > p*(r*) +r(M) — p*(r),Vr € A*,
= (M) 2 @ (") + max [r(M) — p*(r)],
S (M) > () + (M), (19

By using (14) and inequality (13) for M € Aandr* € A*, we get (M )+ p*(r*) = r*(M). Conversely,
if (M) + p*(r*) = r*(M) then

Hence, M € 0;;(r"). O

Theorem 3.1. [12] Suppose 1 : A; — Rand py : Ay — R are two submodular set functions, where
A, Ay € 2V with ¢,V € A; N As. Then for each M € A; N Ay, we have

(i) 8(u1+u2)(M) = 8u1(M) + 8#2 (M)’ (15)

(i) Oy (M) = A0y, (M), YA > 0, M € Ay, (16)

(iii) 00 i) (M) = {rlr € RV, YN € Ay, r(N) —r(M) < 0} = 010, (M), (17)

where 019),, (M) is the characteristic cone of d,,, (M). O

The following Corollary 3.1 is an immediate outcome of the Theorem 3.1.

Corollary 3.1. Let y1; : A; — R, i = 1,2,..., k, be the submodular set functions, where A; € 2", i =
1,2,...,k, with ¢,V € NE_, A, then for every M € N¥_, A;, we get

a(#1+ﬂ2+.u+ﬂk)(M) = 8#1 (M) + 8#2 (M) +.o.+ auk (M) (18)
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4. OPTIMALITY CONDITIONS FOR SUBMODULAR MINIMIZATION

In this section, we have considered the optimality conditions for both unconstrained and constrained
submodular minimization problems. That means the involved objective function and constraint func-
tions in the minimizing programs are all submodular.

4.1. Unconstrained submodular minimization problems. Let us consider the minimization prob-

lem

min (M), (19)

where A C 2V and pu: A — R.
Define the Lagrangian function L(M;r) : A x RV — R by

L(M;r) =r(M) — p*(r). (20)
Now it can be easily prove that the well known saddle point property holds for L(M;r).
Theorem 4.1. If M* € A and r* € A* C RV, then the following two statements are equivalent,
(i) M* minimizes the program (19), that is

p(M*) = mérjl L(M;r™),

(ii) (M™*, r*) is a saddle point of the Lagrangian L(M;r), so that
L(M*;r) < L(M™*;r*) < L(M;r*),Vr € A*,M € A.
Therefore L(M™*;r*) = p(M*).
Proof: Let us assume (i) holds, then by the definition (20), we have
LM r) =+ (M*) — ()

< max [r(M”) — p*(r)]

=pu(M”)
= min L(M;r")
Me A
< L(M;r*)VM € A.
Since, we have pu(M*) = ]\1}1111}l L(M;r*) < r*(M*) — p*(r*) this implies,
€

p(M*) + p*(r*) < r*(M7).
Using Young’s type inequality (13) for M* € A and r* € A*, we get
p(M7) + p*(r*) = r*(M”).
= M™* € 0+ (r*). by (ii) of Proposition 3.1.
This implies
pr(r) = pr(r) + (r — ") (M*),Vr € A",
T (MF) = () = (M) = p*(r), Vr € A%,
= L(M*;r*) > L(M*;r).
Therefore, (M*, r*) is a saddle point of the Lagrangian L(M; ), so that
L(M*;r) < L(M*;7*) < L(M;r*),Vr € A*, M € A.
Thus we have proved (i) = (ii).
To prove (ii) = (i), suppose (M*,r*) is a saddle point of the Lagrangian L(M;r), then
w(M) = max [r(M) — p*(r)] 2 r*(M) = p*(r*) = L(M; ") 2 L(M*;7%) 2 L(M*;7),
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= (M) 2 r(M*) = () > max [r(M*) — p*(r)] = u(M*), ¥M € A
re A*
Therefore, M* minimizes the program (19). Since (M*;r*) is a saddle point, we obtain
in L(M;r*) > L(M*;r*) > L(M*;r) = u(M™).

min L(M;r*) = L(M™;r%) 2 max L(M™;7) = u(M”)

Hence, minpse 4 L(M;7*) > p(M*). Again, we have
w(M*) > r*(M*) — p*(r*) = L(M*;r*) > ]\I}[liI}\L(M;T*).
€

Thus

M*) > min L(M:r*).
( )—Al?ér}t( ;%)

O
The optimality conditions for unconstrained submodular minimization programs is established in The-
orem 4.2.

Theorem 4.2. A set M* € A minimizes the set function y : A — R iff,
0 € 0, (M~). (21)

Proof: Suppose M* € A minimizes the set function y : A — R then by Theorem 4.1, (M*,7*) is a

saddle point of the Lagrangian L(M;r), where r* € A*.
Hence, L(M™*;r*) < L(M;r*)
= (M*) = (") < r* (M) — p*(r")
= max [r*(M”) — p*(r")] < max [r*(M) — p*(r")]
= u(M) — pu(M*) > 0,VM € A by equation (10)
= 0 € 0, (M™).

Conversely, if 0 € J,,(M™) holds, then the Definition 7, the set M* € A is the minimizer of y : A — R.
O

Lemma 4.1. [12] A set M* € A is a minimizer of a submodular set function p : A — R iff p(M*) <
w(M), for every set M such that M C M* or M* C M.

4.2. Constrained submodular minimization problems. In this section, we have considered the
optimality conditions for constrained submodular minimization problems with equality and inequality
constraints separately.

4.2.1. Submodular minimization problems with equality constraints. Let us consider a submodular min-
imization problem with equality constraints

i M
min, p(M)
subject to vj(M) = «j, j = (1,2,...,k) (22)

where p1,v; : A = R, j = (1,2,...,k). Now define Ay C A as the constraint set such that
Ay={M ec A|vj(M)=0aj,j=1,2,....k}.
Therefore, the minimization problem (22) will be Mmig w(M).
€ Ao

Now, the Lagrangian is defined as
k

L(M; ) = p(M)+ > N(vj(M) — o), (23)
j=1
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where )\ € R’j_ is said to be a Lagrangian multiplier if

L(M;\) = M 24
min, L(M; A) = min - p(M). (24)

Theorem 4.3. A set M* € .Ao minimizes pon Ag and (M*, \*) is a saddle point of the Lagrangian
L(M*;X*)iff0€ 0 (M*)—i-zj 1 A Oy, (M*), where i, vj : A= R, j = (1,2,..., k) are submodular
set functions and \* € Rk "l is a Lagrangian multiplier and 9, (M ™) is the subdifferential taken on A.

Proof: Since the Lagrangian L(M™*; \*) has the saddle point (M*, \*), we have

max L(M™*; ) < L(M™; \*) < min L(M;\*).
AeRE MeA

Hence, M* € Ag. So, L(M*; \*) < minpse 4 L(M; \*). Now, by the equation(24), we obtain
L(M*; ) < minpe 4, p(M). Therefore, M* is a minimizer on A and A\* is the Lagrangian multi-
plier. This implies 0 € 8[ +Zk N ()] (M™). By using (16) and (18), we get

j=1;Vj

0€ du(M*)+ Sk

j=1 A} Oy, (M™). The converse part is obvious. O

4.2.2. Submodular minimization problems with inequality constraints. Now, we consider a submodular
minimization problem with inequality constraints

(P) min pu(M)

subject to vj(M) <0, j =1,2,....,k (25)
where p1,v; : A = R, j = (1,2, ..., k). Now define Ay C A as the constraint set such that
Ay={M e A|vj(M)<0,j=1,2,..,k}.

Therefore, the minimization problem (25) will be minpse 4, ©(M). Now, the Lagrangian is defined as
L(M; )\ )+ Z Ay (M (26)

where )\ € R’j_ is said to be a Lagrangian multiplier if

in L(M;\) = min pu(M). 27
Jfpin, L(M; ) = min p(M) (27)

The following Lemma 4.2 will give us the necessary condition for a constrained minimum.

Lemma 4.2. [20] Let u, v1, va, ..., v, be submodular set functions on .A for the minimization problem
(P). Assume the Slater’s constraint qualification: 3 a set M* € As.t, v;(M) < 0 j =1,2,..,k If
M* € Ais an optimal solution of the problem (P) then 3 \* € R such that SOk i1 Aj vi(M *) = 0.
Also, (M*, \*) is a saddle point of the Lagrangian function L(M;\) = u(M) + Z]:i Aj vi(M) so
that

Z)\ vi(M*) < pu(M*) + ZA*VJ (M*) < (M ZA*VJ (28)
Jj=1 j=1

forall A € Rﬁ_ and M € A.

The following Theorem 4.4 is a Kuhn-Tucker type conditions for submodular minimization problems,
which involves inequality constraints.
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Theorem 4.4. (KKT type conditions for submodular minimization)

Let p, v1, V2, ..., v, be submodular set functions on A in the minimization problem (P) and satisfy the
Slater’s constraint qualification given in Lemma (4.2). If M* € A be an optimal solution of the problem
(P) then 3 A\* € Rﬁ_ such that

k
()Y X v (M*) =0, (29)
j=1
and .
(i) 0 € 0u(M*) + > N} 0, (M*). (30)
j=1

Proof: Let M* € A be an optimal solution of the submodular minimization problem (P). By Lemma
(4.2), 3\* € R% such that 25:1 % vj(M*) = 0, and the Lagrangian
L(M;\) = pu(M) + Z?:l Aj vj(M) has a saddle point (M*, \*). Therefore,

k k
p(M*) > N v (M) < (M) + > N v;(M),YM € A
j=1

j=1
k k
= W)+ 3D A = gl D) ¢ 30X v 0LV € A
*
= 0€ 0, 5k an (M)
Now, by using (16) and Corollary 3.1, we get 0 € 9,,(M*) + Z§=1 7 O, (M7). O

5. CONCLUSION

The optimality theory for submodular minimization programs has been extended and revealed the
similarity between convex functions and submodular set functions. The Lagrangian formulations for
unconstrained and constrained submodular minimization programming problems have been presented,
and KKT optimality conditions have also been developed. In light of the present investigation, one can
establish the duality theory for submodular programming problems.
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