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ABSTRACT. We establish necessary optimality conditions for weakly efficient solutions of constrained,
potentially nonconvex vector optimisation problems. The conditions are obtained by combining an uncon-
strained reformulation based on vectorial penalisation with nonlinear scalarisation and abstract subdiffer-
ential rules. Explicit multiplier conditions are derived for single and finite inequality systems, equality and
mixed constraints, and closed convex feasible sets.
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1. INTRODUCTION

In our paper, we consider general constrained vector optimisation problems, where the objective func-
tion acts between real linear-topological spaces and the constraints are not supposed to be convex. The
solution concept is given by a nontrivial pointed convex cone. Our aim is to derive the necessary and
sufficient optimality conditions using the relationships between constrained and unconstrained vector
optimisation problems and the concept of abstract subdifferentials. To do this, we will use new vecto-
rial penalisation results derived in [8] and a nonlinear scalarisation method. We derive the necessary
conditions for weakly efficient solutions for problems without convexity assumptions. In order to show
the sufficient conditions, we suppose some generalised convexity assumptions concerning the objective
function.

Recently, KKT-type necessary optimality conditions for nonsmooth vector equilibrium problems with
set/cone/equality constraints are established in [18] using Clarke’s and Michel-Penot’s subdifferentials.
Furthermore, weak subdifferentials and augmented normal cones have also been used to show the nec-
essary (and sometimes sufficient) optimality conditions for efficient solutions in a nonconvex setting in
[16]. Our main tool for deriving the optimality conditions for constrained vector optimisation problems
is a vectorial penalisation approach combined with generalised subdifferentials. The necessary and suf-
ficient optimality conditions for constrained vector optimisation using a vectorial penalisation approach
and generalised subdifferentials are derived in [3].

The literature shows that KKT-like optimality conditions based on subdifferentials are proven tools
for analysing efficient solutions in vector optimisation with nonconvex constraints, see [18, 12]. The
use of generalised subdifferentials (Clarke/Michel-Penot/Mordukhovich/weak) allows these results to

*Corresponding author.
E-mail addresses: c.guenther@ifam.uni-hannover.de (C. Giinther), elisabeth.kobis @ntnu.no (E. Kobis),
paul.schmolling@ntnu.no (P. Schmélling), christiane.tammer @mathematik.uni-halle.de (C. Tammer)
2020 Mathematics Subject Classification: 90C29, 90C30
Accepted: August 26, 2026.

88


https://tulipa-os.com/jdmh/volumes_articles.php
https://doi.org/10.69829/oper-027-0401-ta05 
https://tulipa-os.com/
https://orcid.org/0000-0002-1491-4896
https://orcid.org/0009-0008-4157-0903
https://orcid.org/0000-0002-4446-9789
mailto:c.guenther@ifam.uni-hannover.de
mailto:elisabeth.kobis@ntnu.no
mailto:paul.schmolling@ntnu.no
mailto:christiane.tammer@mathematik.uni-halle.de

OPTIMALITY CONDITIONS USING VECTORIAL PENALISATION 89

hold even when classical differentiability or convexity fails — a crucial advance given the prevalence
of nonsmooth/nonconvex problems in applications. Penalisation techniques—including those based on
variational analysis—offer alternative routes to optimality conditions that complement scalarisation ap-
proaches, see [3].

Despite this progress, deriving verifiable optimality conditions for weakly efficient solutions to non-
convex vector problems with constraints remains a complex task. In particular, one must combine scalar-
isation, penalisation, and generalised differentiation in such a way as to keep track of the specific as-
sumptions used at every step.

Instead of working with one fixed subdifferential, we introduce an abstract subdifferential O that sat-
isfies a short list of axioms. This axiomatic approach offers two advantages: (i) The resulting optimality
conditions apply to every specific subdifferential that satisfies the axioms, and (ii) it clearly identifies
which properties of a subdifferential are indispensable and which are merely useful. In this way, it
is possible to determine the “most cost-effective” subdifferential that is sufficient for a given class of
problems.

The aim of the paper is to combine three principles: nonlinear scalarisation for nonconvex weak mini-
mality, abstract vectorial penalisation for handling nonconvex feasible sets, and axiomatic subdifferential
calculus for deriving optimality conditions without committing to one particular generalised derivative.
After recalling the basic notions of weak efficiency, we formulate the penalisation assumptions and es-
tablish the corresponding relationships between constrained and unconstrained vector problems. We then
introduce the abstract subdifferential framework and derive necessary optimality conditions as well as
sufficient conditions and characterisations for weakly efficient solutions. In comparison with known re-
sults in the literature, especially in the paper [9, Theorem 4.1], we derive our new necessary optimality
conditions for weakly efficient elements of constrained vector optimisation problems in a more general
framework with an objective function acting between linear-topological spaces under more useful as-
sumptions regarding the abstract subdifferential and regarding the lower-level sets / level lines of the
penalisation function.

Our paper is organised as follows: In Section 2, we lay out the mathematical foundations for our in-
vestigations. We introduce the vector optimisation problem under consideration, corresponding solution
concepts, the vectorial penalisation approach and the concept of abstract subdifferentials. Furthermore,
we review the nonlinear Gerstewitz scalarisation. The latter is especially useful when the ordering cone
has an empty interior, but we also exploit it in the solid-cone case because it yields a Lipschitz scalarising
function without convexity assumptions on the objective. Section 3 contains the main optimality theo-
rems. We show a necessary and sufficient condition for weak efficiency in the unconstrained case. When
the abstract subdifferential satisfies (S1)-(S3), we obtain Lagrangian multiplier rules for a scalarised
objective function. In Section 4, we give some conclusions.

2. BASICS

We use the notations R> := [0, 00), RY := [0, 00)" and

n
Ap =4 z€RY inzl
i=1

for the simplex in R™. For a set I, its cardinality is denoted by |I|. For 7 € {loc,glob}, we use the
notation

x € T-argmin ¢(z)
zeX
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to mean that x is a local or global minimum of ¢ over X, respectively. We usually write argmin instead
of glob-argmin.

Throughout, A C B denotes strict inclusion, whereas A C B allows equality.

Let X be a real linear space. For sets A, B C X, we write A+ B for their Minkowski sum and define
A — B analogously. If B = {b} is a singleton, we simply write A + b := A + {b}. For A C R, we set

AA={da| e ac A},
and, for A = {\}, write AA := {\} A. For A C X, we define the binary relations <4 and <4 on X by
r<pqy <= y—xz€A, r<ay <= y—zeint(A).

A subset C' C X is called a cone if R>C' = C. A cone C is called pointed if C N (—C) = {0x} and
proper if C' # X.

If X is a real topological vector space, then X* denotes its topological dual space. For A C X,
we denote by int (A), bd (A) and cl (A) the interior, boundary and closure of A, respectively. For a set
A C X, we define its topological dual cone by

AZ = {2* € X*|2*(a) > Oforalla € A}.

In particular, if X is locally convex and C' C X is a closed convex pointed cone with int (C) # (), then
CZ\ {0x+} # 0. If Y is another real topological vector space, then the product space X x Y is always
endowed with the product topology.

Throughout the paper we consider the following setting:

X, Y real linear-topological spaces,

f: X =Y, )
{0y} # C' C Y pointed, convex cone,
P#£SCX
the constrained optimisation problem
argmin ¢ f(z). VOP(f,S,C)

z€eS

The set of efficient solutions of VOP(f, S, C) is defined by
Eff (f,5,C) = {x S|P €S: f(z) <c f(x), f(z) # f(x) }.
If additionally int (C') # 0, then the set of weakly efficient solutions of VOP(f, S, C) is defined by
WESF (f,S,0) ={xe€S|Pr e S: f(x) <c f(x)}.
We also need the following definitions and results.

Lemma 2.1 ([13, Prop. 7.1.2]). Assume that T, Ty are real linear-topological spaces and A; C Ty,
Ao C Ty are convex sets. Then

int']rlx'b (Al X Ag) = int']rl (Al) X int'ﬂ‘2 (AQ) .

Proposition 2.2. Let T, Ty be linear-topological spaces and Cv C Ty and Co C To cones. Then
(Tl X Tg)* = Tl* X TQ* and (Cl X 02)2 = Clz X 022
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2.1. Abstract Penalisation functions. A powerful technique for converting constrained vector prob-
lems into unconstrained ones is the vectorial penalisation approach (see [8]). The essential idea is to
append a scalar penalisation term v to the vector objective f in (A), thereby forming an extended vector
objective f® := (f,v) : X — Y x R, where the image space is ordered by the product cone C' x R,
which is again a nontrivial, pointed, convex cone.

Under mild assumptions on v, the weakly efficient set of VOP(f, S, C') can be expressed in terms
of the weakly efficient sets of the two unconstrained problems VOP(f, X, C) and VOP(f®, X,C x
R>). This is especially valuable in the context of abstract subdifferentials because the unconstrained
reformulation eliminates the normal-cone term from the optimality conditions.

From now on we impose the following assumptions:

Assume (A),
v: X — R, (A®)
2= (fv).

Instead of fixing a concrete penalisation function, we consider general level-set properties. We first
introduce the required notation.

Definition 2.3. Let X', ) be two sets and let S C X and < 4C )Y x ) be a binary relation. For a function
f:X = Yandy € ), we define the < 4-level set of f on S by

lev<, (5, f,y) ={seS[f(s) <ay}.

Under assumption (A®), the role of the penalty term v is encoded by level-set conditions of the
following form:

Vz¥ € bdx (S) : leve (X, V,I/(:UO)) =8 (al)
vz € bdy (S) : lev_ (X, V,V(:L’O)) = bdyx (S) (12)
vzl € S leve (X, v,v(2")) =lev< (X, v,v(2°) =S (a3)
vzl € S leve (X, v, V(JJO)) cSs (a4)
leve (X, v,0) =S (Aa5)
lev=(X,v,0) = bd(S) (46)
Vz! € bd(S) 3z € int(S) : [2%,2') Cleve (X, v, v(2h)) (a7

For simplicity, if v satisfies one of the properties (41),...,(47), we use the notation
veg(S,X) (forie{l,...,7}).

Some relationships between these properties and further results can be found in [8, Section 4.1]. It
should be noted that if v € 4;(S, X), then S is closed and v € 44(S, X). In general, if ) # S # X
then any v € (S, X) is bounded from above on S and either lev< (X, v, maxsesv(s)) = S or
lev (X, v,sup,csv(s)) = S. Notice also that any v € 43(S, X) satisfies v € A44(S, X), and if
v € 43(S, X) is continuous, then S is closed. Properties (45) and (46) are closely related to (A1) and
(A2) and usually occur as specific instances of these (see [10, Proposition 1.3.3]).

2.2. Abstract subdifferentials. We derive necessary optimality conditions for weakly efficient solu-
tions of VOP(f, S, C) in terms of generalised subdifferentials. Rather than fixing a specific subdiffer-
ential, we use an operator O that assigns to every function ¢ : X — R and every x € X a subset
0p(x) C X*.

For the operator 0 we introduce the following assumptions:
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(S1) If ¢ is convex, then d¢ coincides with the Fenchel subdifferential, so
O¢p(z) = 0" ¢(z) = {2* € X* |Va' € X : a*(a’ — 2) + ¢(z) < ¢(2') }.
(S277) For 7 € {loc, glob}, condition (SZ) denotes

x € T —argmin ¢(x) = Ox- € IP(x).
reX

(S2F) For 7 € {loc, glob}, condition (S ) denotes

Ox+ € 0¢p(x) = x € T — argmin ¢(x).
zeX

(S3) (outer scalarisation chainrule) If  : Y — Ris convex and f : X — Y, then forevery x € X,

dmoN@ e |J oy e ).

y*eon(f(x))

Remark 2.4. In other treatments of abstract subdifferential calculus (like [9, 4]), the outer scalarisa-
tion chain rule (S3) is often formulated only for mappings belonging to a distinguished function class
F(X,Y). Such a class records the additional assumptions under which the chain rule is valid for the par-
ticular subdifferential and the spaces under consideration; these may include continuity, Lipschitz-type
properties, compactness conditions or structural assumptions on the domain and image spaces. In this
sense, F(X,Y) is a domain-stability assumption for the scalarisations used later. For instance, for the
limiting (or Mordukhovich) subdifferential, if X is an Asplund space and Y is finite-dimensional, one
may take F(X,Y") to be the class of locally Lipschitz mappings from X into Y. Indeed, every finite-
valued convex function 7 : ¥ — R is locally Lipschitz, and the limiting-subdifferential chain rule then
gives precisely (S3) (see [5, Lemma 2.4]). This makes it possible to use the same abstract notation while
retaining the sharper applicability conditions of individual subdifferentials.

The same refinement could be used here by restricting (S3) to an appropriate class of mappings and
adding the corresponding membership assumptions whenever the rule is applied. For the present anal-
ysis, however, we suppress this additional notation and regard the applicability of the chain rule to the
mappings under consideration as part of assumption (S3). Thus, the unrestricted formulation of the ax-
iom is a notational simplification and is not intended to assert that every concrete subdifferential satisfies
the chain rule for every mapping.

It is known that these axioms are fulfilled for several important subdifferentials under suitable assump-
tions on the spaces, functions and mappings involved.

The precise assumptions depend on the chosen subdifferential and its natural function class. Prop-
erty (S1) holds for the standard subdifferentials considered here on continuous convex real-valued func-
tions acting between Banach spaces, and the local Fermat rule (S2,7.) is available for locally Lipschitz
functions. For the limiting (or Mordukhovich) subdifferential, the exact outer scalarisation chain rule
(S3) holds when X is an Asplund space, Y is finite-dimensional, f : X — Y is locally Lipschitz at the
point under consideration and the convex outer function is locally Lipschitz at the corresponding image
point (see [5, Lemma 2.4]). For the approximate (or loffe) subdifferential on Banach spaces X and Y,
the same rule holds when f is strongly compactly Lipschitz at the point and the outer function is locally
Lipschitz (see [5, Lemma 2.7]). The Clarke subdifferential generally satisfies (S3) only after taking the
weak-star closed convex hull of the right-hand side (see [5, Section 3]).

Moreover, (S2g,,) implies (S2;7.), while (S2i7.) implies (S2,,). For necessary optimality condi-
tions we will not require (S2:°), which can give sufficient conditions.

We do not pursue the technical details of individual constructions here. Important examples include
the Mordukhovich, Michel-Penot and Ioffe subdifferentials; see, for instance, [15] and the references
cited above.
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The following additional properties will be useful for further applications, although they are not
needed for the main optimality theorem below. They still represent standard and natural requirements
in subdifferential calculus (see Clarke [2, Section 2.3]). As before, each property may be restricted to
suitable classes of functions adapted to the subdifferential under consideration. A common restriction,
for example, is to require the functions to be Lipschitz continuous on a Banach space.

(S4) If ¢ is locally constant around z, then 0¢(z) = {0x~}.
(S5) (sum rule) For any two functions ¢1, ¢2 : X — R and every x € X, we have

A1 + d2)(x) € 091 (x) + O ().

(S6) (positive homogeneity) For every function ¢ : X — R, every a € R and every x € X, we

have
d(ag)(x) C adp(x).
(87) (max rule) For any functions ¢1,...,¢; : X — R and every x € X, we have
. C .
0 ( s, @) w Seom | U oo

(S8) (scalar composition chain rule) For every ¢ : X — R, every Lipschitz continuous ¥ : R — R
and every z € X with 9¢(z) # 0, we have

(W o g)(x) C OV (p(x)) - Ip(x).

Remark 2.5. Under (S1) the local-constant property (S4) and the positive homogeneity (S6) hold directly
for convex functions. In fact, the latter holds with equality. The sum, max and chain rules are also
standard rules of convex subdifferential calculus, but in general they require the usual convexity and
qualification assumptions, such as suitable continuity or interiority conditions (see [19, Chapter 2]).

Notice that (S4) is satisfied if a local version of (S1) holds: If, for every function ¢ : X — R that is
locally convex at z € X, the subdifferential ¢ () coincides with the Fenchel subdifferential and ¢ is
locally constant at x, then d¢(z) = {0x~}.

If (S27.) holds and ¢ is locally constant around x, then Ox~ € O¢(x). Hence (S2;].) gives the
nonemptiness part of (S4), but not the reverse inclusion d¢(z) C {0x~}.

The nonemptiness requirement in the scalar composition chain rule (S8) is necessary under the stan-
dard definition of scalar multiplication of sets used above. Indeed, for a constant outer function W, the
right-hand side contains 00¢ (), which is empty when d¢(x) = (), whereas the left-hand side is the
subdifferential of a constant function and therefore equals {Ox-} under (S1).

It is sufficient to require the max rule (S7) for two functions. The finite version then follows by
induction.

As with the outer scalarisation chain rule (S3), the scalar composition chain rule (S8) may be restricted
to a suitable class of outer functions adapted to the particular subdifferential under consideration. Re-
quiring ¥ to be Lipschitz continuous is a natural choice because this is a standard setting for nonsmooth
chain rules and includes the outer functions used below, such as the positive-part function and finite max-
ima. Other function classes may be used instead, provided that the corresponding scalar composition rule
is available.

Proposition 2.6. The assumptions introduced above have the following elementary consequences.
(1) Assume (S1) and the scalar composition chain rule (S8). If ¢ : X — R is locally Lipschitz
continuous and d¢(x) # 0, then the max rule (S7) at x for the maximum of ¢ and one constant
follows. (see ?? 3.3 (1))
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(2) Assume (S1), the outer scalarisation chain rule (S3) and the positive homogeneity (S6). Then,

for every function ¢ : X — R and every x € X with 0¢(x) # 0, the scalar composition chain
rule (S8) holds for every convex, nondecreasing and Lipschitz continuous function ¥ : R —
R. If (S6) is strengthened by requiring the homogeneity inclusion for every a € R\ {0}, the
same conclusion holds for every convex Lipschitz continuous function ¥ : R — R, without the
monotonicity assumption.

(3) Assume (S4) and the sum rule (S5). If ¢,v : X — R coincide locally around x, then

Proof.

).

Q).

9p(x) = 0(x).

(). Let ¢ : X — R be locally Lipschitz continuous with d¢(x) # 0, and let ¢ € R. Define
U(t) = max{t,c}. The function ¥ is convex and Lipschitz continuous. Thus, by (S1), at
t < cone has 0¥(t) = {0}, att > c one has 0U(t) = {1} and at the kink ¢ = ¢ one has
0¥ (c) = [0, 1]. The chain rule gives

(Vo o)(x) C OV(P(x)) - 0p(x) < [0,1] - 9¢(x) C conv ({0x-} U dg(x)),
which is precisely the max rule for ¢ and the constant function ¢, since (S4) holds for constants
under (S1).
By (S1), we have 0¥ (¢(z)) = 7' ¥(¢(x)). Since ¥ is nondecreasing, every a € ¥ (¢(x)) is
nonnegative. For a > 0, positive homogeneity (S6) gives

d(ag)(x) C adp(x).

For o« = 0, the function a¢ is constant. Hence (S1) gives

9(09)(z) = {0x~} = 00¢(z),
where the last equality uses d¢(z) # 0. Applying (S3) with Y =R, f = ¢ and n = W therefore
yields
dWog)x)C | dag)x)C | addlx)=0T((x)) - dp(x).
a€d¥(o(x)) a€d¥(¢p(x))

This is (S8) for such outer functions W. If the homogeneity inclusion is available for every
nonzero o € R, the same argument is valid without knowing the sign of the nonzero elements of
0¥ (¢(x)), so the monotonicity assumption can be omitted.

Set r == ¢ — 1. Then r is locally constant around z. By (S4), 0r(z) = {0x-}. Using (S5),

9¢(z) = O(¢ +r)(x) C 0Y(x) + Ir(x) = OY(x).

Interchanging ¢ and 1 gives the reverse inclusion. g

2.3. Gerstewitz-Functional. We now introduce the Gerstewitz functional and collect several properties
that will be used in the derivation of scalar optimality conditions below. The Gerstewitz functional is
one of the central nonlinear scalarisation functionals in vector optimisation. It transforms vector-valued
comparison statements into scalar inequalities while retaining information about the ordering set. In
contrast to linear scalarisations, it is flexible enough to encode nonconvex ordering sets and nonconvex
level-set structures. This makes it particularly useful in settings where convexity assumptions are too
restrictive. A systematic treatment of this functional and its role in nonlinear scalarisation can be found,
for instance, in Tammer and Weidner [17] or [6].
The following definition fixes our notation.

Definition 2.7. Let V be a linear space, k # Oy and D C V. We define the Gerstewitz-functional

épk: V= RU{£oo}, ¢pr(v) =inf{teR|ve-D+tk}
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Theorem 2.8 ([17, Theorem 4.4.4]). Let T be a linear-topological space, ) # D C T be a set and
k € T\ {Or} such that cl (D) + Rsk C D.

(1) ¢p.k is lower semicontinuous.

(2) dom ¢p , = Rk — D and for every A € R

lev<(T, ¢pk,A) = Ak —cl (D),
®Dk = Pcl(D) k-

(3) ¢p.k is convex if and only if cl (D) is convex.
(4) épk is positive homogeneous if and only if cl (D) is a cone.

Remark 2.9. Let T be a real linear-topological space, let ) # D C T be closed, let C C T be a
proper, closed, solid convex cone, and assume the free-disposal property D + C' = D. Then, for every
k € int (C), the Gerstewitz functional ¢p j, : T — R U {Fo0} satisfies (see [8, Example 4.7])

épi € 4(—D,T) forevery i € {1,2,4,5,6}.

These elementary properties show why the Gerstewitz functional is well suited as a scalarisation de-
vice: its level sets are explicitly described by translates of the ordering set, and convexity or positive
homogeneity of the scalar function can be read off directly from the geometry of the underlying set. For
the multiplier rules below, we also need a subdifferential description.

Theorem 2.10 ([17, Theorem 4.10.8]). Let T be a linear-topological space, let D C T be a proper
convex cone and let k € int (D). Then D + R>k C D, and for every y € T the Fenchel subdifferential
OF ¢p k(y) is nonempty and

" oprly) ={d* € D |d*(k) =1, d*(y) = dpx(y) },
aF¢D7k(OT) = {d* e D= ‘ d*(k) =1 }

In particular, O« ¢ 0% ¢ p.k(y) for every y € T. Hence every scalarising functional selected through
the outer scalarisation chain rule is nonzero, so, when the theorem is applied to an objective mapping
f: X — T, a subsequent stationarity condition of the form Ox~ € 9(d* o f)(x) reflects the behaviour
of f rather than arising from the degenerate scalarisation O« o f.

The explicit formula for 9F ¢c ), identifies the admissible scalar multipliers as positive continuous
linear functionals normalised by ¢*(k) = 1. The following proposition provides quantitative bounds on
their norms, which will later yield corresponding bounds for the multipliers in the optimality conditions.

Proposition 2.11. Let E be a normed space, let D C E be a proper convex cone, and let k € int (D).
Then, for every z € E, every functional d* € 9 ¢ 1.(2) satisfies

Iklls" < lld ] - < dist (k. bd (D))~ 2.1)
In particular, for every € > 0 there exists k € int (D) such that
|d*||p- <€  forallz € Eandall d* € 3" ¢p (2).

Proof. Since k € int (D), set r := dist (k,bd (D)) > 0. Let 2 € E and d* € 0" ¢px(z). Then
d*(k) = 1. Hence
L=[d"(B)] < "] g [ & ,

which gives the lower bound ||k 5" < ||d*|| ..

If h € B5(0g;r), then k+h € int (D) C D. Hence 1+d*(h) = d*(k+h) > 0,s0 |[d*(h)| < 1 forall
h € B3(0g; 7). For arbitrary h # Op and 0 < p < r, applying this estimate to ph/ ||h||; € B5(0g;7)
yields

jd*(h)] < p~ bl -
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Letting p 7 r gives |d*(h)| < r~1 ||h|| g for all h € E, and therefore the upper bound in (2.1) follows.
Now let € > 0 and choose any d € int (D). Put § := dist (d,bd (D)) > 0. Since D is a cone,
bd (D) = abd (D) for every o > 0, and thus

dist (ad,bd (D)) = inf d—0b|g= inf ||d — bl = ad.
it (o bd (D)) = _infflad ~ b= inf |4ty =a

Choosing a > 1/(ed) and setting k := ad gives k € int (D) and dist (k,bd (D))™" < €. The upper
bound then implies the asserted bound for all 2 € E and all d* € 0¥ ¢p 1.(2). O

We finally recall a Lipschitz estimate for the Gerstewitz functional.

Theorem 2.12 ([17, Lemma 4.6.16], [4, Lemma 2.4]). Let Y be a normed space, let C C'Y be a closed
convex cone and let k € int (C). Then ¢¢y, is dist (k, bd (C)) ™' -Lipschitz continuous.

We next recall the corresponding scalar characterisation of weak efficiency. It shows that weakly
efficient points can be described as minimisers of a shifted Gerstewitz functional, thereby linking the
vector-valued problem to a scalar minimality condition.

Theorem 2.13 ([17, Corollary 6.2.33]). Let S be a set, let Y be a real linear-topological space, let
f:S =Y, let C CY beaproper convex cone and let k € int (C). Then

WEf (£, S,C) = {%65’

x € argmin ¢y (f(z) — f(x)) }

zes
Notice that ¢¢ 1 (0y) = 0.
The advantage of Theorem 2.13 is that it does not require convexity of f or S. The scalarised objective

dc(f(-) — f(x)) is the composition of the vector mapping f with a scalar function that is Lipschitz
continuous when Y is normed and C' is closed. This is exactly the setting of property (S3).

2.4. Penalisation results for weak efficiency. We first recall generalised convexity concepts for func-
tions that will be used to relate the solutions of the constrained and unconstrained problems.

Definition 2.14. Let X, Y be linear spaces, let D C X, let S C D be convex and let A C Y. A function
f :D — Y is called weakly A-quasiconvex on S (in the sense of Jahn [11]) if

val,z? € S, ot £ 2%, f (2') <4 £ (2?), T2 € S\ {2?}, Vz € [2°,2%) : f(2) <a f(27).
Definition 2.15. Assume (A) and let z° € S. The function f is called C-upper semicontinuous at
20 if for any neighbourhood V' C Y of f(2") there exists a neighbourhood U C X of 2° such that

flUNS] CV —C. Moreover, f is called C-upper semicontinuous on S if it has this property at every
e S

Theorem 2.16 ([8, Theorem 3.4]). Assume (A) and let f be weakly int(C')-quasiconvex on X. Then

int(S) N WEf (f,S,C) C int(S) N WEf (f, X, C), (2.2)
SNWES (f, X,C) C WEF (£,8,C) C (int(S) N WE (£, X,C) ) U (SNbd(S)),  (23)
WES (£,S,0) \ WEff (f, X,C) € S N bd(S). (2.4)

If additionally S is open, then S N WES (f, X, C) = WEA (f, S, ).

We now recall the vectorial penalisation results that connect the original constrained vector optimisa-
tion problem with unconstrained auxiliary problems. The idea is to encode the feasible set by means of
a vector-valued penalisation term and then compare the efficient solution sets of the original objective
with those of the penalised objective. We start with weak efficiency.
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Theorem 2.17 ([8, Theorem 4.24]). Assume (A®). Then we have
SNbd(S) N WEL (f, X,C) € SNbd(S) NWES (f€,X,C x Rx), (2.5)
(int(S) N WELF (f, X,C) ) U (SNbd(S) N WEL (¢, X,C xR>) )

2.6
= (SNWEf (f,X,C)) U (SNbd(S) NWE (f®,X,C xRx)). 20

(1) If v additionally satisfies (A4), that is, v € A4(S, X), then we get the barrier
SNWES (f, X,C) C WEff (f,S,C) C SNWES (f®,X,C xR>). 2.7

(2) Now assume that v € 241(S,X) N 22(S, X) N 27(S, X) and that f is C-upper semicontinuous on
S. Then (2.7) holds and

WEf (f,S,C)
D (int(S) N WELE (f, X,C) ) U (SNbd(S) N WEL (f, X,C xR>) ) (2.8)
= (SNWE (f,X,C)) U (SNbd(S) NWES (f®,X,C xRx)). (2.9)

(3) Ifinstead v € 43(S, X), then
SNWES (f%,X,C xRs) =S.
(4) If, in addition to v € 44(S, X), we assume (2.4), then

WEL (f,S,0)
C (int(S) N WELE (f, X,C) ) U (SNbd(S) N WEL (f, X,C xR>) ) (2.10)
= (SNWET (f,X,0)) U (SNbd(S) N WEL (f®,X,C xRx)). (2.11)

3. OPTIMALITY CONDITIONS

We now use the scalarisation and penalisation results recalled above to derive necessary optimality
conditions for weakly efficient solutions of VOP(f, S, C). These conditions are formulated in terms of
the general subdifferential introduced in Section 2.2.

Necessary optimality conditions for weakly efficient solutions of constrained vector optimisation
problems in Banach spaces were also derived in [9, Theorem 4.1]. The results below allow objective map-
pings between linear-topological spaces and replace assumption (H2) from that theorem by the abstract
Fermat condition (S2g,;,). They also use the more flexible lower-level-set assumption v € A4(S, X)
for the penalisation function.

Theorem 3.1. Assume (A%®) and int (C) # 0, let x € WESF (f, S, C) and let O be a general subdiffer-
ential satisfying (S1), (S237 ) and (S3).

glob
(1) Let x € int (S) and either let f be weakly int (C')-quasiconvex on X or let the subdifferential
satisfy (S2;7.). Then, for every k € int (C) there exists c* € C= with c*(k) = 1 such that

loc
Ox= € 9(c* o f)(x). (3.1)

(2) Let x € S and assume that v : X — R satisfies v € A4(S, X). Then, for every k := (ko,t) €
int (C) x R there exist u* = (c*, s*) € C= x Rx with u*(k) = 1 such that

Ox+ € 8 (u*o f®) (). (3.2)
Proof. (1) For any k € int (C') we define
2:Y =R, 2(y)=dcr(y— (%))
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By Theorem 2.13, x is a minimum of z o f on S. If f is weakly int (C')-quasiconvex on X, then
Theorem 2.16 gives int (S) N WEff (f, S,C) C WES (f, X, C). By Theorem 2.13, x is thus also a
global minimum of z o f on X. Combining this with (S2,,), or using (52;7,) directly, yields
Ox+ € d(z o f)(x).
Since z is convex by Theorem 2.8, the outer scalarisation chain rule (S3) gives
0x-€0zo i c  (J WK
y*€0z(f(x))
and by (S1) and Theorem 2.10
0z (f(x)) = 0ok (0y) = { " € C= | " (k) =1}.
(2) By Theorem 2.17 (1), WEff (f,S,C) C S N WEff (f®, X,C x R>). For any k = (ko,t) €
int (C) x Ry =int (C x R>) we define
Z:YXR%]R7 Z(y7r):¢CXR2,k ((?J,T)_J@(%))
By Theorem 2.13, x is a minimum of z o f® on X, so
Ox-€0(z0 fF) W S |J 9w of®) (.
ur€dz(f(x))

Finally, Theorem 2.10 gives 9z (f®(x)) = {u € (C xRx)= } u*(k) =1 } By Proposition 2.2,
(C xR>)Z =C= x Rs, so u* :( )€C>><R>andu*(k:) ( 0) + s*t.
O

Remark 3.2. Since VOP(f, S, C) can be reformulated in terms of unconstrained problems, the optimal-
ity condition (3.2) contains no normal-cone term. Instead, feasibility information is incorporated through
the subdifferential of the scalar penalisation function v. This subdifferential is often explicit, or at least
easier to estimate, in concrete settings such as distance-type penalties or cone-indicator constructions.

We next specialise (3.2) to several common descriptions of the feasible set.

Corollary 3.3. Assume (A®) and int (C) # (), and let O be a general subdifferential satisfying (S1),
(S2g7,p,) and (S3) at x € WEAE (f, S, C). If v € A4(S, X), then, for every k := (ko,t) € int (C) x R,
there exists u* == (c*,s*) € CZ x Rs with u*(k) = 1 such that (3.2) holds. If s* = 0, then

Ox= € 9(c" o f)(x). (3.3)

If s* > 0 and, additionally, the sum rule (S5) and the positive homogeneity property (S6) hold at %, then
the condition can be written as the multiplier rule

Ox» € O(c" o f+5™v)(x) CO(c" o f)(x) + s*Ov(x). 3.4

In particular, the following choices of v under these additional assumptions lead to more explicit opti-
mality conditions when s* > 0; when s* = 0, (3.3) applies without requiring the additional calculus
rules.

(1) Let g : X — R, and suppose that the feasible set is given by one inequality:
S={reX|g(x)<0}.
Then one obtains a KKT-type condition of the form
Ox» € O(c* o f)(x) + s*0g(x). (3.5)
If, additionally, g is continuous at x and (S4) is applicable, then
Ox- € ("o f)(x),  ifglx) <O0. (3.6)
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(2) Let g : X — R™, suppose that the feasible set is given by
S= {$€X‘9($) <rp Ogrm },

and define the active index set by I(x) = {i € {1,...,m}|gi(x) =0}. If g is componentwise
continuous at x, then under (S4) we have

Ox+ € 9(c* o f)(x) if I(x) = 0. 3.7
Alternatively, assume that the max rule (S7) holds. Set
I(’?g(%) = {2 = {11 - -7m} ‘ agl(%) # Q)}

Then one obtains multipliers \ = ()\i)ielag () € S*A“—ag(m such that

Ox- €d(c* o f)(x) + Y Ajconv (9gi(x)). (3.8)
1€lpq(x)
If I(x) # 0, the max rule (S7) and (S4) hold, and g is componentwise continuous at x, then I(x) N
Iog(x) # 0 and there exist multipliers X = (M)icT()nny(x) € 8" AlI(x)nsy(x)| Such that
Ox+ € O(c" o f)(x) + Z Ai conv (9g; (%)) . (3.9)
i€l (x)Nlpy(x)

(3) Let (Z,]|-|| ;) be a normed space, let h : X — Z, and suppose that the feasible set is described by
an equality constraint:

S={zeX|h(x)=0z}.
Then there exists z* € B; such that
Ox- € O(c" o f)(x) + s*0(z" o h)(x). (3.10)
(4) Let (Z,||-|| ;) be a normed space, let g : X — R™ and h : X — Z, and let

S = {a: EX‘g(:L‘) <rz Ogm, h(x) :02}.
SetI(x) ={ie{1,...,m}|gi(x) =0} and Ipy(x) ={iec{1,...,m}|Dgi(x) #0}.

Let g be componentwise continuous at x, and assume that (54) and the max rule (S7) hold. Then
there exist multipliers \; > 0, i € I(x) N Iyg(x), with Zie[(x)mlag(x) Ai < 8% and z* € IB%; such
that

Ox+ € d(c* o f)(x) + Z Aiconv (0g;(x)) + s*0(z" o h)(x). 3.11)
i€I(x)NIog (x)
If I(x) N 1gg(x) = 0, the empty sum in (3.11) is understood to be {0x~ }.

Proof. If s* = 0, then ¢* o f + s*v = ¢* o f, so (3.2) directly gives (3.3). If s* > 0 and the additional

calculus rules hold, the sum rule (S5) and positive homogeneity (S6) give (3.4).

(1) x € S implies g(x) < 0, so we consider the cases g(x) < 0 and g(x) = 0. If g(x) = 0, then the
inequality is active at x. In this case we use v = g as penalisation term, which satisfies v € 44(S, X),
and this implies a KKT-type condition of the form (3.5). If g(x) < 0, then the constraint is inactive.
A natural choice for this case is

v(x) = g () = max{g(z), 0}.

By [8, Example 4.13 and Theorem 4.9], we have v € 43(S,X) C 4(S, X). Continuity of g at
x implies that v is locally constant around x. Hence (S4) gives dv(x) = {0x-}, and no additional
multiplier term is produced. This proves (3.6).
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Since x € S, all values g;(x) are nonpositive. If I(x) = (), one can take

v(z) = max (gi(@))s =max{0,01(2); -, gm (@)}

=L...,m
By [8, Theorem 4.9], we have v € 435(S, X) C 44(S, X). Again, v is locally constant around x, so
(S4) yields (3.7).
The term

@) = mex 6(z).

also satisfies v € 44(S, X). The max rule (S7) gives

Jv(x) C conv (U 8g,~(x)> .

i=1
Fori € {1,...,m} \ Ip4(x), the subdifferential Og;(x) is empty and contributes nothing to that
convex hull. Therefore, Iy4(x) # 0. The standard description of convex hulls by finite convex
combinations (see [10, Chapter A, Section 1.3, page 29]) yields

conv <U 8gi(9e)> = Z 1i@i | 1 € A, (v, @i € conv (9g;(x)) fori € Iog(x)

i=1 i€Tpg(x)

So there exists A € s - A, (y)) satisfying (3.8).
If (S4) and (S7) are satisfied, we retain the previously introduced penalisation term and define
x) = max g;(x).
() = max gi(a)
Since g;(x) < 0 for ¢ ¢ I(x), whereas g;(x) = 0 for i € I(x), continuity of the finitely many
functions g; implies that ¥ = 7 on a neighbourhood of x. Consequently, Proposition 2.6 (3) gives
Ov(x) = 0n(x). The max rule therefore yields

Ov(x) C conv U 0g;(x)
1€ (%)
Using the corresponding convex-hull representation then gives A € s*A|7(,)n Io,(v)| Satisfying (3.9).
We define
v(z) = [[h(z)| ;-
By [8, Theorem 4.9 or Remark 4.12], we have v € 43(S, X) C (S, X), so (3.4) is applicable.
Since h(x) = 0z and the norm is convex, (S1) gives

* * * <
010zll; = 0" 0z]l, ={=" € Z*|Vy € Z: 2*(y) < |yl } = B-.

The chain rule (S3) therefore yields

) =0(-lzom < |J aEon)x).

z* EBE*

Combining this inclusion with (3.4) gives (3.10).
Define

vy (@) = max {0, g1(2), .. .. g (@)} + [1(2)]] .
By [8, Remark 4.12], it follows that v € 43(S, X) C 44(S, X). Therefore, (3.4) is applicable.

The result follows by the same argumentation as before, but since the maximum term in v now

contains zero, the convex hull representation by finite convex combinations can contain a multiplier
for the zero functional resulting from the subdifferential of zero. U
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For an inactive inequality constraint, (3.6) recovers the stationarity condition (3.1) without requir-
ing either weak int (C')-quasiconvexity of f or the local Fermat rule (S2;J.) used as alternatives in
Theorem 3.1. Instead, the argument relies on the penalisation result, the global Fermat rule, and the
local-constancy and calculus properties of the subdifferential.

Remark 3.4. Assume that in (A®) the spaces X and Y are normed spaces, and endow Y x R with any
norm compatible with the product topology, for example ||(y,?)|ly g == |lylly + |t|. Fix directions
ko € int (C) and kg, € int (C' x R>). Since both sets are cones, positive rescaling gives
dist (akc, bd (€)) = adist (ke, bd (C)),
dist (akg, bd (C x Rx)) = adist (kg, bd (C x R>))
for every o > 0. Hence, for every ¢ > 0, suitable positive rescalings k¢ of ko and kg of kg can be

chosen such that Proposition 2.11, applied with D = C'and D = C xR, respectively, yields multipliers
in Theorem 3.1 satisfying

-1 -1
lkelly™ <liflly- <& lksllyxr < l[u"llyxr)s <€

Thus the scalarisation multipliers ¢* and u* = (¢*, s*) can be chosen arbitrarily small in norm. Since the
coordinate embeddings into Y x R are continuous, there exist constants My, Mg > 0 such that

"]

Consequently, the coefficients s* and \; occurring in ?? 3.3 can also be chosen arbitrarily small. This
conclusion concerns the products involving the equality multiplier, such as s*z*, but not the normalised
functional z* itself.

yo S My [l yumys 1871 < Mellu™llym)- -

Example 3.5 (An active constraint with empty Fenchel subdifferential). Let X = Y = R, C' = R,
f(x) = —z and -
g1(x) = —22, g2(z) =2 —1, g3(z) = x.

Then
S={zeR|gi(z) <0, g2(x) <0, g3(x) <0} = (—00,0],
and x = 0 is a global minimum of f on S, hence x € WEff (f, S, C). All three constraint functions are
continuous and the active index set is I (x) = {1, 3}, whereas g2(x) = —1 < 0.
Consider the Fenchel subdifferential. Directly from its definition,

g10) =0,  9Fg2(0) = 0¥ g3(0) = {1}.

Indeed, if a € 8% ¢1(0), then —x? > ax for every x € R, which is impossible. Thus the active
concave constraint g; cannot receive a positive multiplier. The constraint go is inactive and, moreover,
g2(x) < g3(z) for every z € R, so it does not contribute to the maximum penalty. Consequently,

v(x) = max{gi(z), g2(z), g3(x)} = max{—z?, z}.
For every 2° € S, one has v(z°) < 0, while v(z) < 0 implies z < 0. Hence lev< (R, v, v(z%)) C S,
and therefore v € 44(S, R). Furthermore,

¥ v(0) = {1} = conv (8F91(0) U aFQS(O)) ’

so the required max-rule holds at x. To see the first equality, observe that v(z) > x for every z, so
1 € 0¥v(0). Conversely, the inequalities from the subdifferential definition for x > 0 and z < —1 force
every Fenchel subgradient at O to equal 1.

Choose k = (1,1) and ¢* = s* = 1, so that ¢*(1) + s* = 1. The only possible positive active-

constraint multiplier is therefore

1
)\1:07 A3:57
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and the optimality condition is satisfied because

0 € 8 (" o £)(0) + A30" g5(0) = {—;} + {;} .

This example verifies the required Fenchel-subdifferential calculations and the max-rule directly. It
does not assert that the Fenchel subdifferential satisfies the abstract local-constant and max rules for
arbitrary nonconvex functions. Those properties generally require separate hypotheses.

Although the penalised formulation in Theorem 3.1 (3.2) avoids an explicit normal-cone term (Re-
mark 3.2), such a term arises naturally if the abstract subdifferential is extended to proper extended-real-
valued functions by setting d¢(x) = () whenever ¢(x) = +oo, and if the corresponding Fermat and
sum rules are assumed. The constraints can then be incorporated after scalarisation through the convex-
analytic indicator function xs, leading to a condition involving d(c* o f + xs)(x). For the standard
subdifferentials, the subdifferential of the indicator function is the corresponding normal cone. This ob-
servation is conditional, since the abstract subdifferential and the penalisation function v in the present
framework are defined only for real-valued functions. Here we use the distance function instead. This
keeps the scalar multiplier s* from the penalised optimality condition visible and yields a slightly sharper
form, in which only the unit-ball part of the normal cone enters, so that the impact of the penalisation
term can be controlled. We first recall the convex normal cone and the corresponding subdifferential
formula for the distance function.

Definition 3.6. Let T be a real topological vector space and let A C T be closed and convex. The convex
normal-cone mapping N4 : T = T* is defined by

{z*eT*|2z*(y—x) <Oforally € A}, =€ A,

Ny(z) = {0’ g A

For a set A C T in a real topological vector space T, define its convex-analytic indicator function
x4 : T — RU{+o0} by
07 T € Av
xa(z) =

+oo, = ¢ A
If A is convex, then Ny = 0% x 4.

Proposition 3.7 ([1, Section 3, Theorem 11]). Let X be a normed space and let S # () be closed and
convex. Then, for every x € S,

o dist (-, 5) (x) = B%. N Ns(x).
Proof. Let x* € 9% dist (-, S) (). Since dist (x, S) = 0, the Fenchel subgradient inequality gives
¥ (y — ) < dist (y, S) forally € X.
Taking y € S shows that 2* € Ng(z). Moreover, for every v € X,
z*(v) < dist (x +v,5) < [jv] x,

and applying the same estimate to —v yields |z*(v)| < ||v|| y. Hence ||z*|| x. < 1.
Conversely, let z* € IEB)S(* N Ng(x). Foreveryy € X and s € S,

ey —a) =2 (y—s) +a"(s —x) <y —sllx-

Taking the infimum over s € S gives 2*(y — x) < dist (y, S), so z* € 9F dist (-, S) (z). O



OPTIMALITY CONDITIONS USING VECTORIAL PENALISATION 103

Corollary 3.8. Assume (A®) and int (C) # 0, but let X be a normed space, let S be closed and convex,
and let x € WESE (f,S,C). Let O be a general subdifferential satisfying (S1), (SQ;Ob), (S3), the sum
rule (S5) and the positive homogeneity property (S6) at x. Then, for every k = (ko,t) € int (C') X R,

there exist c* € C= and s* € R satisfying
(ko) +s't=1

such that
Ox- € A(c* o f)(x) + 5" <IB%§* N Ng(x)) . (3.12)

Proof. Define v : X — R by v(z) = dist (x,S). Since S is closed, v(z) = 0 holds exactly for
x € S, and therefore v € 43(S,X) C 4(S, X). Thus Theorem 3.1 yields, for every k = (ko,t) €
int (C) x R, multipliers ¢* € C= and s* € R> with ¢*(kg) + s*t = 1. If s* = 0, then (3.2) directly
gives

Ox+ € 9(c* o f)(x).
If s* > 0, the sum rule and positive homogeneity give
Ox» € O(c* o f)(x) + s"Ov(x).
Because S is convex, the distance function v is convex. Hence (S1) and Proposition 3.7 give
v(x) = 8" v(x) = BS. N Ns(x).

Since Ox+ € Jv(x), the same displayed inclusion also holds when s* = 0. Substitution of the subdiffer-
ential formula proves (3.12). U

Remark 3.9. The convexity assumption in Proposition 3.7 is only needed for the elementary Fenchel-
normal-cone formula used above. For closed nonconvex sets one can obtain analogous normal-cone
inclusions if the abstract subdifferential is replaced by, or specialised to, a subdifferential with suitable
distance-function calculus; for the Clarke subdifferential of the distance to a closed set, see [1, Section 3
and Theorem 11]. In contrast, the distance penalisation enforces membership in S exactly only when S is
closed; for nonclosed feasible sets it naturally enforces membership in cl (S), unless additional structure
or a different penalisation is used.

Remark 3.10. Suppose that Y is a Banach space and that C' is closed and convex. By Theorem 2.12, the
Gerstewitz functionals associated with C' on Y and with C' x R> on Y x R are Lipschitz continuous.
Consequently, the scalar functions used in the proof of Theorem 3.1 are locally Lipschitz at x whenever
f is locally Lipschitz at x in the interior case, respectively whenever f© = (f, v) is locally Lipschitz at x
in the penalised case. Thus, in this Banach-space setting, it is sufficient for the Fermat rule (SQg:l>ob) and
the required chain rule to be available for locally Lipschitz functions and mappings.

The same observation applies to the special cases in ?? 3.3. It suffices to require that f and the relevant
constraint mappings be locally Lipschitz at #: namely, g for a single inequality, every component g; for
finitely many inequalities, and h for an equality constraint. The corresponding penalisation terms are
then locally Lipschitz because the positive part g and finite maxima preserve local Lipschitz continuity,
while the norm is Lipschitz and therefore ||-|| , o h is locally Lipschitz. Hence f® is locally Lipschitz at
x 1n each case. If the outer scalarisation chain rule is restricted to a narrower function class, as discussed
in Remark 2.4, membership of f and f® in that class must still be verified separately.

This restriction is particularly natural for the Clarke subdifferential, which is commonly applied to
locally Lipschitz functions. Fréchet, limiting/Mordukhovich, Dini and loffe approximate subdifferentials
admit corresponding Fermat rules under weaker assumptions and therefore do not intrinsically require
local Lipschitz continuity for this step.
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The preceding results derive stationarity conditions that are necessary for weak efficiency. Under
suitable sufficient Fermat properties and additional scalarisation or penalisation assumptions, these con-
ditions can also be used in the converse direction. The following lemma collects several settings in which
a stationary point is guaranteed to be weakly efficient.

Lemma 3.11. Assume (A®) and one of the following:

(1) x € int (S), f is weakly int (C')-quasiconvex on some convex set D O S, (S2.) and there exists
c* € C= \ {Oy+} such that (3.1) holds.
(2) x € int (S), (525,,,) and there exists c* € C=\ {Oy+} such that (3.1) holds.

(3) x € S, (S2g,,,) and there exists u* := (c*, s*) € (C=\ {0y+}) x R> such that (3.2) and
argmin(c* o f + s*v)(z) C argmin(c* o f)(z). (3.13)
zeX zeS
(4) x € bd(S), (S25y,), f is C-upper semicontinuous on S and there exist v € A4 (S, X) N
(8, X) N A4(S, X) and u* = (¢*,s*) € (C= x Rx) \ {(0y~,0)} such that (3.2).

Then x € WES (f, S, C).

Proof. (1) Since x € int(S) and 0 € J(c* o f)(x) for some c* € C=\ {O0y-}, (S2;,) implies
that x is a local minimum of ¢* o f. Hence there exists a neighbourhood N of x such that x
minimises ¢* o f over N. By [14, Chapter 4, Proposition 2.2] or [7, Proposition 5.1 and Remark
5.3] this implies x € WES (f,S N N,C). Since f is weakly int (C')-quasiconvex on D, [8,
Theorem 3.4] implies x € WESff (f, D, C) NS C WEff (f,S,C).

(2) By (8250})) and (3.1), x is a global minimum of ¢*o f. The same reasoning as in part (1) therefore
givesx € SNWES (f, X,C) C WEff (f,S,C).

(3) As before, % is a global minimum of ©* o f® = ¢* o f + s*v. Hence (3.13) and [14, Chapter 4,
Proposition 2.2] imply the assertion.

(4) Note that because of (41) itis x € bd(S) C S. The same argument as above gives x €
WEL (f®, X,C x R>). By Theorem 2.17 (2), this yields x € WEfT (f, S, C).

g

4. CONCLUSION

This paper combines nonlinear scalarisation, vectorial penalisation and abstract subdifferential calcu-
lus to derive necessary and, under additional assumptions, sufficient optimality conditions for weakly
efficient solutions of constrained vector optimisation problems in real linear-topological spaces. The pe-
nalisation framework transfers the constrained problem to an unconstrained problem for the augmented
objective (f, v), while the Gerstewitz functional produces nonzero, normalised scalar multipliers. Under
a small collection of abstract Fermat and calculus rules, this leads to necessary stationarity conditions
without requiring convexity of the objective mapping or of the feasible set.

The general conditions were specialised to single and finite systems of inequalities, equality con-
straints, mixed inequality—equality constraints and closed convex feasible sets. These specialisations
yield KKT-type multiplier inclusions and, in the case of a convex feasible set, an explicit normal-cone
formulation obtained from the distance penalisation. The axiomatic approach separates the scalarisa-
tion and penalisation arguments from the properties of any particular subdifferential, so the results can
be transferred to concrete nonsmooth settings once the corresponding Fermat, sum and chain rules are
available. This also clarifies which assumptions are needed for each form of the optimality conditions
and provides a basis for future computational and theoretical developments.
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